
APPENDIX C1 :  LIST OF TECHNICAL PAPERS 


The following technical papers were developed for this project as part of the investigation of 
mitigation methods.  Most of these were transmitted to FHWA for review during the project as 
they were completed.  The results of this research are summarized in Appendix C2 as extractions 
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APPENDIX C2 : ANALYTICAL AND FIELD INVESTIGATIONS 

C2.1 OUTLINE OF RESEARCH AREAS 

Development of recommended design approaches for mitigation measures has focused on the 
following: 

A. Addition of linear and nonlinear dampers 
1) Response of a taut cable with an attached linear damper 
2) Response of a taut cable with an attached linear damper with a friction threshold  
3) Response of a taut cable with an attached nonlinear damper (exponent other than one 

as in the case of a linear damper) 

B.	 Cross tying of stay cables

1) Response assessment of cross-tied stays with rigid and spring connectors 

2)  Dampers in combination with cross-ties 


C.	 Field assessment of damper and cross-tie performance, focusing on the systems installed 
on the Fred Hartman Bridge 
1) Performance of linear dampers 
2) Performance of cross ties. 
3) Detailed study of damper performance 

C2.2 ADDITION OF LINEAR AND NONLINEAR DAMPERS 

Stay cables have very low levels of inherent mechanical damping, rendering them susceptible to 
multiple types of excitation (Yamaguchi & Fujino, 1998).  To suppress the problematic 
vibrations, dampers are often attached to the stays near the anchorages.  Although the 
mechanisms that induce the observed vibrations are still not fully understood, the effectiveness 
of attached dampers has been demonstrated.  The potential for widespread application of 
dampers for cable vibration suppression necessitates a thorough understanding of the resulting 
dynamic system.  

Response of a Taut Cable with an Attached Linear Damper 

Background: 

Carne (1981) and Kovacs (1982) were among the first to investigate the vibrations of a taut cable 
with an attached damper, both focusing on determination of first-mode damping ratios for 
damper locations near the end of the cable; Carne developed an approximate analytical solution, 
obtaining a transcendental equation for the complex eigenvalues and an accurate approximation 
for the first-mode damping ratio as a function of the damper coefficient and location, while 
Kovacs developed approximations for the maximum attainable damping ratio (in agreement with 
Carne) and the corresponding optimal damper coefficient (about 60% in excess of Carne‘s 

153




accurate result).  Subsequent investigators formulated the free-vibration problem using 
Galerkin‘s method, with the sinusoidal mode shapes of an undamped cable as basis functions, 
and several hundred terms were required for adequate convergence in the solution, creating a 
computational burden (Pacheco et al., 1993).  Several investigators have worked to develop 
modal damping estimation curves of general applicability (Yoneda & Maeda 1989; Pacheco et 
al., 1993), and Pacheco et al. (1993) introduced nondimensional parameters to develop a 
—universal estimation curve“ of normalized modal damping ratio versus normalized damper 
coefficient, which is useful and applicable in many practical design situations.  To consider the 
influence of cable sag and inclination on attainable damping ratios, Xu et al. (1997) developed an 
efficient and accurate transfer matrix formulation using complex eigenfunctions.  Recently, 
Krenk (2000) developed an exact analytical solution of the free-vibration problem for a taut 
cable and obtained an asymptotic approximation for the damping ratios in the first few modes for 
damper locations near the end of the cable.  Krenk also developed an efficient iterative method 
for accurate determination of modal damping ratios outside the range of applicability of the 
asymptotic approximation.  

Previous investigations have focused on vibrations in the first few modes for damper locations 
near the end of the cable, and while practical constraints usually limit the damper attachment 
location, it is important to understand both the range of applicability of previous observations 
and the behavior that may be expected outside of this range.  Damper performance in the higher 
modes is of particular interest, as full-scale measurements indicate that vibrations of moderate 
amplitude can occur over a wide range of cable modes.  The approach herein uses an analytical 
formulation of the free-vibration problem to investigate the dynamics of the cable-damper 
system in higher modes and without restriction on the damper location.  The basic problem 
formulation in this paper follows quite closely the approach used by Krenk (2000), although it 
was developed independently as an extension of the transfer matrix technique developed by 
Sergev and Iwan (1981) and  Iwan and Jones (1984) to calculate the natural frequencies and 
mode shapes of a taut cable with attached springs and masses.  A similar approach was used by 
Rayleigh (1877) to consider the vibrations of a taut string with an attached mass.  Using this 
formulation, the important role of damper-induced frequency shifts in characterizing the system 
is observed and emphasized.  Consideration of the nature of these frequency shifts affords 
additional insight into the dynamics of the system, and when the shifts are large, complicated 
new regimes of behavior are observed. 

The influences of sag and bending stiffness are neglected in this section, because the linear taut-
string approximation is considered applicable to many real stay cables, and the simplifications 
introduced by these approximations allow for a more efficient formulation of the problem and a 
more detailed investigation of the dynamics of the system.  It has been shown that moderate 
amounts of sag can significantly reduce the first-mode damping ratio, while the damping ratios 
in the higher modes are virtually unaffected (Pacheco et al., 1993; Xu et al., 1997).  However, 
using a database of stay cable properties from real bridges, Tabatabai and Mehrabi (2000) found 
that for most stays the influence of sag is insignificant even in the first mode, while the influence 
of bending stiffness could be significant for many stays, especially for damper locations near the 
end of the cable. This is investigated more fully in the following.   
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Theory: 

Only the basic aspects of the theory are summarized here.  The reader is referred to the full 
publication (Main & Jones, 2002a) for more details. 
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Figure 77:   Taut cable with a linear damper. 
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In designing a damper for cable vibration suppression, it is necessary to determine the levels of 
supplemental damping provided in the first several modes of vibration for different values of the 
damper coefficient and different damper locations.  Due in part to the multiple excitation 
mechanisms causing stay-cable oscillation, it is also important to consider the damping 
performance in higher modes.  In the case of taut cable with a linear viscous damper (Figure 77), 
the supplemental damping ratios can be determined from a complex eigenvalue analysis of the 
damped cable in free vibration.  The solution of the governing partial differential equation over 
the two cable segments on each side of the damper using separation of variables leads to the 
following expressions for the cable displacement: 

xsinh(  1 x
�� ) sinh(�� 2 ) 

y1(x1,� ) � � L e �� ; y (x � L,� ) e �� 
2 2 �
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where τ is a nondimensional time, � � � o1t , ωo1 is the undamped fundamental natural frequency 

of the cable, � o1 � (� L) T m , and λ is the nondimensional eigenvalue, which is complex in 
general, and for small damping is —mostly“ imaginary. Equilibrium of forces at the damper 
location can be written as 
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Substituting the solution form (Equation 20) into the equilibrium Equation 21 leads to the 
following transcendental equation for the nondimensional eigenvalue λ: 
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Equation 22 can be solved numerically for the complex eigenvalues to obtain the modal damping 
ratios in as many modes as desired to an arbitrary degree of accuracy.  The damping ratio in the 
ith mode can be readily obtained from the following expression: 



1 

� 2 �
� 

� 2 

� �i  � i �2 1 � (23)
� � �i  

where � i � Re(�i ) and � i � Im(�i ) . It is noted that � i  is the nondimensional frequency of 
damped oscillation in mode i. Previous numerical investigations revealed nondimensional 
groupings of parameters allowing the results of the eigenvalue analysis to be presented as a very 
useful —universal estimation curve“ of normalized modal damping ratio versus normalized 
damper coefficient, which is applicable in the first few modes for dampers located near the end 
of the cable (Pacheco et al., 1993) and allows easy determination of optimal design values.  
Krenk (2000) demonstrated that an explicit analytical equation for this universal curve could be 
obtained from the transcendental eigenvalue equation using asymptotic approximations.  The 
resulting approximate expression is a generalization to higher modes of the approximation 
previously obtained by Carne (1981) for the damping ratio in the fundamental mode. 

For damper locations resulting in small frequency shifts (e.g., dampers near the end of the stay), 
the expression can be written as: 
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i � � 

(�1 / L) 
� 
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where κ is a nondimensional parameter grouping defined as 
c �1 1 c �1 

� � i = 
mLωo1 L π 

i    (25)  
Tm L 

Equation 24 gives the damping attainable in a particular mode of vibration i as a function of the 
damper coefficient c, mass per unit length m, cable length L and fundamental circular frequency 
ωo1 as well as normalized damper location ℓ1/L. 

Results: 

In Figure 78, the normalized damping ratio ζ/(ℓ1/L) has been plotted against the nondimensional 
damping parameter, κ, for the first five modes for a damper location of ℓ1/L=0.02, and it is 
evident that the five curves collapse very nearly onto a single curve in good agreement with the 
approximation of Equation 24.  It is important to note that because the mode number is 
incorporated in the nondimensional damping parameter κ, the optimal damping ratio can be 
achieved in only one mode of vibration in the case of a linear damper.  This is a potential 
limitation, because it is currently unclear how to specify, a priori, the mode in which optimal 
performance should be achieved for effective suppression of stay-cable vibration, and designing 
a damper for optimal performance in a particular mode may potentially leave the cable 
susceptible to vibrations in other modes. 
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Figure 78:  Normalized Damping Ratio versus Normalized Damper Coefficient. 

Summary: 

Free vibrations of a taut cable with an attached linear viscous damper were investigated in detail.  
An analytical formulation of the complex eigenvalue problem was used to derive an equation for 
the eigenvalues that is independent of the damper coefficient.  This —phase equation“ reveals the 
attainable modal damping ratios ζi and corresponding oscillation frequencies for a given damper 
location ℓ1/L, affording an improved understanding of the solution characteristics and revealing 
the important role of damper-induced frequency shifts in characterizing the response of the 
system.   

When the damper-induced frequency shifts are small, an asymptotic approximate solution has 
been developed, relating the damping ratio ζi in each mode to the nondimensional damper 
coefficient, κ. 

When the damper is far from the end of the stay, different regimes of behavior can be observed, 
potentially significantly altering the performance of the damper.  For such situations, the reader 
is referred to the publication Main and Jones (2002a). 
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Response of a Taut Cable with an Attached Linear Damper with a Friction Threshold 

This section presents an analytical investigation of the influence of a friction threshold on 
damper performance for stay-cable vibration suppression.  An asymptotic solution for the modal 
damping ratios is presented for a taut cable with a linear viscous damper, based on previous 
investigations, and an —equivalent viscous damper“ formulation is used to extend these results to 
a viscous damper with a friction threshold.  The relevant nondimensional parameter groupings 
are identified: a viscous damper parameter � and a friction parameter �. The approximate 
solution is appropriate only for relatively small values of the friction parameter��, for which the 
assumption of nearly sinusoidal motion is valid.  It is observed that the influence of friction is to 
reduce the optimal value of the viscous damper parameter��, and for sufficiently large values of 
�, to reduce the attainable damping ratios as well. 

Ongoing measurements of damper forces, both in the field and in the laboratory, seem to indicate 
that the dampers possess a friction threshold that is quite large relative to the force levels 
engaged by wind-induced oscillations of the stays. When the forces in a damper are below this 
friction threshold, the damper simply locks the cable at the attachment point, shifting the 
oscillation frequencies without providing any supplemental damping. 

Motivated by the potentially large magnitude of the damper friction threshold and the apparent 
significance of its effect in the measured data, this section presents an analytical investigation of 
the influence of a friction threshold on damper performance. Carne (1981) and Kovacs et al. 
(1999) previously developed approximate solutions for the damping ratios in the case of a purely 
frictional damper using equivalent viscous solutions, and a similar approach is taken herein. 
Asymptotic approximate solutions for the damping ratios in the case of a taut cable with a linear 
viscous damper are summarized from the results of investigations reported above. An equivalent 
viscous damping formulation is then developed to extend the results for a linear viscous damper 
to a viscous damper with a friction threshold.  The relevant nondimensional parameter groupings 
are identified, and the solution characteristics are explored. 

Problem formulation: 

The problem under consideration is the vibration of a taut cable with an attached viscous damper 
having a friction threshold, depicted in Figure 79a.  The nonlinear force-velocity relationship for 
the damper with a friction threshold is modeled by the following equation: 

Fd(v) = Fo sign(v) + c*v    (26)  

where v is the velocity of the cable at the damper attachment point.  The resulting force-velocity 
curve is depicted in Figure 79b.   
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In the case of a purely viscous damper (Fo = 0), an exact solution to the free-vibration problem 
has been obtained (Krenk, 2000; Main and Jones, 2002a) which yields a transcendental equation 
for the complex eigenvalues and an explicit asymptotic solution for the modal damping ratios in 
the first few modes for damper locations near the end of the cable (ℓ1<< ℓ2). This solution has 
also been extended to develop an approximate solution for the effective damping ratios for a 
nonlinear power-law damper (Main and Jones, 2002b).  The asymptotic solution for the linear 
viscous damper is extended here to the friction/viscous damper by computing an equivalent 
viscous damper coefficient, ceq, using an equivalent energy dissipation criterion.  This equivalent 
viscous solution is less appropriate when the forces in the damper are below the friction 
threshold for a significant portion of the oscillation cycle; in such cases, the damper is locked for 
much of the cycle, so that the motion at the damper is far from sinusoidal, and the spatial form of 
the solution also differs significantly from the solution for the linear viscous damper.  Further 
work is necessary to better model this frictional —sticking“ in order to develop more accurate 
solutions in cases for which this effect is significant. 

Asymptotic Solution for Taut Cable with Linear Viscous Damper: 

In the case of a taut cable with a linear viscous damper, when the damper-induced frequency 
shifts are small, as is the case for vibrations in the first few modes when ℓ1<< ℓ2, an asymptotic 
approximation can be obtained relating the damping ratio in the ith mode to the —clamping ratio“, 
a normalized measure of the damper-induced frequency shift in that mode (Main and Jones, 
2002a): 

� i 
� �  ��ci (1 ) (27)
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The —clamping ratio“ �ci  is defined as 
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Figure 79b:  Force-Velocity Curve 
for Friction/Viscous Damper 
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where �i�i  is the nondimensional frequency of oscillation in the ith mode [the dimensional 
frequency is given by � �o1 i , where �o1  is the undamped fundamental frequency of the cable: 

� o1 � (� L) T m  ].  The term � � � ��i i � 1 / 2 � , in the denominator of Equation 28, is the

difference between the —clamped“ frequency � � i L  / �ci �  2 � , associated with a rigid damper       
(c ��), and the undamped frequency � oi � i , associated with c � 0. Consequently, � �ci 0
as c ��, and � �ci 1 as c ��.  Equation 27 is independent of the mode number, indicating a 
maximum damping ratio of � i � (1/ 2)( �1 / L)  in each mode, corresponding to an optimal 
clamping ratio of � �ci 1/ 2 . Physically, this means that the optimal damping performance in a 
given mode is achieved when the damper has shifted the frequency of oscillation in that mode to 
a value halfway between the undamped frequency and the clamped frequency.  Equation 27 also 
indicates that the damping ratio in a given mode approaches zero as the clamping ratio 
approaches unity and the damper effectively locks the cable at the damper location. 

Figure 80a shows a plot of Equation 27 along with curves corresponding to the exact solution in 
each of the first five modes for a damper location of ℓ1/L = 0.02, and for this damper location the 
exact solutions agree quite well with the approximation of Equation 27.  An additional 
asymptotic approximation can be obtained relating the clamping ratio to the viscous damper 
coefficient: 

1 
� � 

�ci (29)
� 2 1��ci 

where κ is a normalized viscous damper coefficient previously defined in Equation 25 as 

�

c �1 1 c �
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Ratio vs. —Clamping Ratio“. 

� 

b) 1 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 

5modes1-

0.02 

1 

1 
� 

� 

L 
� 

� 

asymptotic 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
�ci 

Figure 80b:  Normalized Viscous Damper 
Coefficient vs. —Clamping Ratio“. 

160




� A � �i(�1 / L) 1��ci (30)

Figure 80b shows a plot of Equation 29 along with curves corresponding to the exact solution in 
each of the first five modes for a damper location of ℓ1/L = 0.02, and for this damper location the 
exact solutions agree quite well with the approximation of Equation 29.  An asymptotic 
approximation can also be obtained relating the amplitude at the damper attachment point �  to 
the peak modal amplitude A: 

Equations 27, 29, and 30 will prove useful in extending the solution for a taut cable with a 
viscous damper to develop an approximate solution for the friction/viscous damper. 

Equivalent Viscous Damper Formulation: 

At a given amplitude and frequency of oscillation, a nonlinear damper can be approximated by 
an equivalent linear viscous damper which dissipates the same amount of energy in one cycle of 
oscillation.  If the cable can be assumed to be oscillating nearly sinusoidally at a frequency � 
with an amplitude � at the damper attachment point, the velocity of the cable at the damper 
attachment point can be expressed as 

v t( )  � �� sin  � t (31)

The work done by the damper in one cycle of oscillation can then be expressed as 

2�

W 
c

�
�

d 
eq 2 (34)

�� � 

0  
� 

�W �d  � F �d  v dt (32)

Substituting F �d   c v�eq   into Equation 32, substituting Equation 31 for v, and performing the 
integration yields the following expression for the work done by the equivalent viscous damper 
in one cycle of oscillation: 

eq
�W ( )  2 

�d � �ceq  �  (33)

The value of the equivalent viscous damper coefficient ceq  for a nonlinear damper can then be 
obtained by equating the work done by the nonlinear damper in one cycle of oscillation to the 
expression in Equation 33 and solving for ceq, which yields the following expression: 

where �Wd , computed from Equation 32, is the work done by the nonlinear damper in one cycle 
of oscillation at a given amplitude and frequency. Substituting the force-velocity relation for the 
friction/viscous damper in Equation 26 and the velocity in Equation 31 into Equation 32 yields 
the following expression for the work done in one cycle for the friction/viscous damper: 
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W 2 
� �d  4F �o� � c� � (35)

Substituting this value into Equation 34 yields the following expression for the equivalent linear 
damper coefficient: 

4 o
eq �

Fc � c (36)
��� 

When the damper-induced frequency shifts are small, the frequency of oscillation in a given 
mode i is close to the undamped frequency: � � i�o1 � i( /� L)  this 

 for the 
ng 

� � (37)
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(38)

 Equation 38 
ratio �ci  and 

(39)

(40)

T / m . Substituting
approximation into Equation 36 along with the previously developed approximation
amplitude at the damper (Equation 31) and normalizing by Tm yields the followi
nondimensional expression for the equivalent viscous damper coefficient: 

ceq 4 Fo L c 
Tm � 3 2i ( /�1 L) 1  ��ci T A Tm 

The asymptotic relation between the damper coefficient and the clamping ratio for 
damper (Equation 29) can be generalized to a nonlinear damper by substituting ceq 
definition of � in Equation 25 to yield the following equation: 

1 c eq 1 1 i � � ci 
� 

Tm L 2  
� � 1 ��ci  

Substituting the expression for the equivalent damper coefficient (Equation 38) into
then yields, after some simplification, the following relation between the clamping 
two nondimensional parameters: 

��  (� 2 / 4)[ �  2 
�ci � � 1��ci ] 

where � is a nondimensional friction parameter  

� F �� Ai ��1 
o 

� � � �� � 
� T �� L � 

and � is the normalized viscous damping parameter as defined previously in Equation 25. 

Solution characteristics: 

For a given value of the clamping ratio �ci, Equation 39 indicates a linear relationship between � 
and �. Figure 81 shows a plot of � versus � for several different values of �ci. 
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Figure 81:  Relationship between Nondimensional Parameters � and � with Different Values of 
the Clamping Ratio �ci for a Friction/Viscous Damper. 

When � �ci 1, corresponding to the —clamped“ limit in which the cable is completely restrained 
at the damper location, Equation 39 reduces to 

�c � (� 2 / 4) � 2.47 (41)

When �����c, corresponding to a relatively large friction force and/or small amplitude, the 
damper is completely locked and provides no energy dissipation.  The condition at which the 
damper is completely locked by friction can also be computed directly by considering 
equilibrium of forces at the damper location, and this approach gives a value of �c����, which 
differs significantly from the value obtained in Equation 41 from the equivalent viscous damper 
formulation. This discrepancy arises because, as discussed previously, when the damper 
approaches the limit of being completely locked by friction, the damper is —stuck“ for a 
significant portion of the oscillation cycle, causing the motion at the damper to be far from 
sinusoidal, and the equivalent viscous damper approximation developed herein is inappropriate. 
Consequently, the solution developed herein should only be considered accurate for relatively 
small values of the friction parameter �, corresponding to low values of the friction threshold or 
large amplitudes.  Preliminary efforts to model the frictional —sticking“ indicate that the 
equivalent viscous solution gives fairly accurate results for � < 0.5, while the discrepancies can 
be significant for larger values of �. 

When � �ci 0.5 , corresponding to optimal damping, Equation 39 reduces to 

2 
�opt � (� 2  /  8)(1  �� 2 

� opt ) (42)

Equation 42 is the equation of the line in Figure 81 labeled —�ci = 0.5“, and it specifies the 
combinations of � and � for which optimal damping is obtained.  Equation 27 can be used in 
conjunction with Equation 39 to generate curves of normalized modal damping ratio versus � for 
different values of �, as depicted in Figure 82.   
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Figure 82:  Normalized Damping Ratio vs. � with varying �� 

The curve labeled —� = 0“ corresponds to the asymptotic solution for the linear viscous damper, 
for which the optimal value 2 

�opt = 1/� � 0.101 can be obtained from Equation 42 by setting � = 
0. The effect of increasing friction is to shift the optimal portion of the curve to the left. When � 
exceeds a critical value, optimal damping can no longer be achieved. This critical value can be 
obtained from Equation 42 by setting � = 0, and is given by � � � 2 2 /8 � 1.75 . 

Summary: 

An asymptotic solution for the damping ratios in the case of a taut cable with a linear viscous 
damper was extended to the nonlinear case of a viscous damper with a friction threshold using an 
—equivalent viscous damper“ formulation. Relevant nondimensional parameter groupings were 
identified, and the solution characteristics were explored.  It is observed that this formulation 
does a poor job of estimating the amplitude at which the damper is completely locked due to 
friction, and the results of this analysis should only be considered accurate for relatively small 
values of the friction parameter �, for which the assumption of nearly sinusoidal oscillation is 
appropriate. The observed effect of the friction threshold is to reduce the optimal value of the 
viscous damping parameter � and ultimately to reduce the attainable damping ratios from the 
values for a purely viscous damper. 
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Response of a Taut Cable with an Attached Nonlinear Damper (exponent other than one). 

Recent investigations indicated that a nonlinear damper may potentially overcome the limitation 
in performance of a linear damper whereby optimal damping performance can only be achieved 
in one mode of vibration.  Kovacs et al. (1999) recently reported on the implementation of a 
friction damper on the Sunningesund Bridge.  The exact formulation of the free-vibration 
problem for a taut cable with a linear damper can be extended to develop an approximate 
analytical solution for the amplitude-dependent effective damping ratios in the case of a 
nonlinear damper, for which the damper provides a dissipative force proportional to the cable 
velocity at the damper attachment point raised to an arbitrary positive exponent, β. The 
formulation is extended by assuming a single-mode response, assuming the solution has the same 
form as in the linear case (Equation 42a,b), and minimizing the error in the equilibrium equation 
over a half-cycle of oscillation.  Asymptotic approximations then yield the following 
expressions: 

where Aτ is approximately the peak modal amplitude of oscillation, is the clamping ratio 
(Equation 28), and f(β) and g(β) are given by: 

� � � � 1 �
��  � � � 2 

�
� 

1� � ��
� 

f ( � �1) � ) � sin( (� )d� � 
� 0 

� � � � 

2 � 2 � 2 ; g(� ) � sin
� � 3 � � � �

2� (� )d� � 
0 

2 � 2 � (44a, b) 
� ��1� � � 

� 2 2 � 

The new definition of the nondimensional damping parameter, κ, in Equation 43b reduces to 
Equation 25 in the case of a linear damper (β=1). Equation 25 can then be written, eliminating 
the clamping ratio, to obtain an implicit asymptotic approximate expression relating the 
normalized damping ratio to the nondimensional damping parameter κ, which may be regarded 
as a generalization of the universal estimation curve of Pacheco et al. (1993) to the case of a 
nonlinear damper.  The shape of the curve is slightly different for each value of damping 
exponent, β, but for a given damping exponent the curve is nearly invariant with damper location 
and mode number over the same range of parameters as the universal estimation curve for the 
linear case.  Figure 83 shows a plot of normalized damping ratio versus κ in the first five modes 
for a square-root damper. 
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Figure 83:  Normalized Damping Ratio versus Normalized Damper Coefficient: β=0.5. 

Because the nondimensional damping parameter κ depends on both the amplitude and mode 
number of oscillation, the optimal damping performance will be achieved, in general, at different 
amplitudes of vibration in each mode.  An —optimal“ value for the damper coefficient can be 
determined by specifying a design amplitude of oscillation in a given mode at which the optimal 
performance is desired.  This amplitude at which the maximum effective damping ratio is to be 
achieved will be denoted Aopt, and the corresponding mode number will be denoted iopt. The 
notion of specifying a design-level oscillation amplitude is familiar to designers, as even in the 
case of a linear damper an amplitude of oscillation must be specified to determine the stroke and 
energy dissipation requirements for a linear damper.  The value of the damper coefficient 
necessary to achieve the specified performance is then given by: 

With the damper coefficient designed according to Equation 45, the following asymptotic 
expression can be obtained relating the amplitude and mode number of oscillation to the 
clamping ratio: 

�ci
 (46) 

� � 
� A � � 

opt � � i opt � (1�� �

   )  
ci 

Equation 46 may then be used to characterize the amplitude-dependence and mode-dependence 
of damper performance.  In the case of a linear damper (β=1), the amplitude-dependence in 
Equation 46 vanishes, as expected, and the normalized damping ratio can be plotted directly 
against the mode number ratio i/iopt, as shown in Figure 84a. Interestingly, in the case of a 
square-root damper (β=1/2), the mode dependence in Equation 46 disappears, and the damping 
performance depends only on the amplitude of vibration.  Figure 84b shows the effective 
damping ratio plotted against amplitude ratio, Aτ/Aopt, for the square-root damper.  Because this 



 

curve is independent of mode number, in designing a square-root damper it is sufficient to 
specify only the amplitude, Aopt, and the optimal damping performance is achieved at the same 
amplitude in each mode.  This special mode independence of the square root damper suggests 
that it may offer some advantages over a linear damper. When β=0, (a friction damper), the 
amplitude and the mode number in Equation 46 are raised to the same power, and the effective 
damping ratio is a function of the product (Aτi). Consequently, the optimal amplitude is 
inversely proportional to the mode number, and the optimal performance is achieved at lower 
amplitudes in higher modes.  In designing a friction damper, it is sufficient to specify the value 
of the product, (Aτi)|opt, at which optimal damping performance is desired, rather than specifying 
Aopt and iopt independently. Figure 84c shows the effective damping ratio versus (Aτi)/(Aτi)|opt for 
the friction damper.  It is evident that there is a critical amplitude for the friction damper, below 
which no energy is dissipated by the damper.  Comparing Figures 84b and 84c, the performance 
of the square-root damper can be argued to be more —robust“ with amplitude than that of the 
friction damper, because the damping performance degrades more quickly away from the 
optimal amplitude in the case of the friction damper.   
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Figure 84a:  Normalized Damping Ratio versus Mode Ratio (β=1). 

Figure 84b:  Normalized Damping Ratio versus Amplitude Ratio (β=0.5). 


Figure 84c:  Normalized Damping Ratio versus Mode-Amplitude Ratio (β=0).
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Summary: 

The dynamic behavior of a taut cable with a passive, nonlinear, power-law damper attached at an 
intermediate point was investigated.  The exact formulation of the complex eigenvalue problem 
for a taut cable with a linear damper was extended to develop a single-mode approximation for 
the amplitude-dependent effective damping ratios for the power-law damper by minimizing the 
mean-square of the error in the force equilibrium equation at the damper over one half-cycle of 
oscillation.  This formulation yielded the same —phase equation“ that held in the case of a linear 
damper, giving the range of attainable damping ratios and corresponding oscillation frequencies 
in every mode.  An asymptotic approximate solution revealed a nondimensional grouping of 
parameters that was used to extend the universal estimation curve for the linear damper to the 
case of a nonlinear damper.  The shape of the resulting curve was slightly different for each 
value of damping exponent, �, but for a given damping exponent the curve was nearly invariant 
with damper location and mode number over the same range of parameters as the universal 
estimation curve for the linear case.  The dependence of nonlinear damper performance on the 
amplitude and mode number of oscillation was investigated, and it was observed that a nonlinear 
damper could potentially allow optimal damping performance to be achieved over a wider range 
of modes than in the linear case.  In the special case of β=0.5 (a square-root damper), it was 
observed that the damping performance is independent of mode number, so that the optimal 
damping ratio can be achieved in each mode at the same amplitude of oscillation.  These features 
suggest that nonlinear dampers may offer some advantages over linear dampers for cable 
vibration suppression, while retaining the advantages of economy and reliability offered by a 
passive mitigation strategy. 
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C2.3 CROSS-TYING OF STAY CABLES 

One of the methods that is sometimes adopted to counteract the undesired oscillations is to 
increase the in-plane stiffness of stays by connecting them together by means of a set of 
transverse cables, defined as cross-ties (or —aiguilles“). According to Gimsing (1983) these 
cables are also used to reduce the cable sag variations among the stays of different length, 
ensuring a more uniform axial stiffness on the consecutive stays.  From the dynamic perspective, 
the properties of the single cable, considered as a separate element, are modified by the presence 
of the lateral constraints that influence its oscillation characteristics.  Similarly, a connection of 
simple suspended elements is transformed into a more complex cable network; a closed-form 
solution to the dynamic problem is more elusive. 

The literature contains examples of performance improvement for a vibrating cable; for example, 
the widely studied case of adding a transverse damper. However it is evident that detailed studies 
of cross-ties and interconnected cable systems are not well reported and most of the 
recommendations that are currently followed seem to be linked to practice or previous 
experience. A fundamental study to support these problems seemed therefore necessary.  It is 
worth mentioning that a cable network can be a very complex system and finite element analysis 
has been preferred in the past.  An example was given by Ehsan and Scanlan (1990), who used 
component-mode synthesis and finite element approaches for the solution of a three-dimensional 
cable problem.  Reviews of cable vibration that address the most commonly used techniques for 
reducing motion amplitudes also identified this problem as one that still needs to be investigated 
(Hirsch, 1991). 

Experience gained in the field of transverse restrainers was analyzed by Virlogeux (1998) who 
pointed out recent failures or unexpected behavior of the cross-ties (Pont de Normandie, Foro 
Bridge in Denmark).  He addressed the issues of transverse cable stiffness, tension and internal 
damping.  He also suggested that simplified approaches (equivalent static analyses) can be 
sometimes efficient in terms of design recommendations. 

Yamaguchi and Jayawardena (1992) and Yamaguchi and Nagahawatta (1995) analyzed the 
problem through a set of experiments, conducted on a model of two interconnected cables, and a 
subsequent finite element simulation of the configuration.  An energy approach for the 
determination of the damping contribution linked to the complex network was used.  Among 
their comments, it is interesting to emphasize that the contribution to damping, due to cross-ties, 
can be negative or positive, depending on the chosen system and cable characteristics and that 
not only the overall stiffer configuration must be considered but also the possibility of exploiting 
the energy dissipation potential of the restrainers. 

Several examples of vibration analysis of cable nets were found in the literature, even though 
most of them are related to high-tension systems, in which the excitation force is mainly 
orthogonal to the net configuration (i.e., membrane behavior œ for example, Zingoni, 1996).  In 
most cases a finite element analysis was performed.  An interesting approach for the out-of-plane 
vibration analysis of a non-linear cable system was applied by Mesarovic and Gasparini (1990) 
to the study of a complex truss. 
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The novel contribution herein is the development of an analytical method and efficient numerical 
procedure that models the behavior of a set of interconnected cables.  Observations of the 
behavior of these cross-tied systems were investigated through the detailed study of specific 
examples.  This approach offers a number of advantages over the finite element method and 
provides a tool that is useful in the design and optimization of such systems for practical 
application. 

Response Assessment of Cross-tied Stays with Rigid and Spring Connectors. 

Basic Theory: 

The initial problem formulation is depicted in Figure 85.  The example shows a simplified 
network, defined by a set of two taut cables, connected by means of a vertical rigid rod (to be 
relaxed later). The generic j-th cable is divided into m segments, each of which is labeled as p 
(the generic element is denoted by j,p). The j-th cable is restrained at both ends; it is 
characterized by a length Lj, with L1>L2 in this case, tension Hj and mass per unit length �j. The 
horizontal offset between the two cables has been denoted by l1 and the position of the vertical 
connection, with respect to the right-hand side of cable —2“ has been assumed equal to l2 
(segment 2,1). The quantity l* = l1 + l2 represents the same dimension in the coordinate system of 
the upper cable.  The xjp along-axis coordinate of the p-th segment of the j-th cable has been 
taken in accordance with Figure 85.  Vertical displacements are considered positive downwards.  
The position of the vertical connector relative to the cable is general, and the only additional 
physical constraints are expressed by L2 � L1 ; l2 � L2 ; l1 � L2 � L1 . 

T1 : cable "1" tension 

�1 : cable "1" mass p.u.l. 

L1 : cable "1" length 

T : cable "2" tension 2 
�2  : cable "2" mass p.u.l. 

L2 : cable "2" length 
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Figure 85:  General problem formulation. 

The free-vibration problem for this case is concerned with the solution of a system of four partial 
differential equations, corresponding to the four cable branches yjp(xjp,t), with j=1,2 and p=1,2, 
where t denotes the time variable: 

2 2 

H j 

�

�x
y 
2 
jp

jp 
� � j 

�

�t
y 

2 
jp , (47) 

where j=1...n number of cables and  p=1…m number of segments, for each cable. 
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This system requires eight boundary, compatibility and equilibrium conditions, which can be 
expressed in terms of: a) displacements at cable ends; b) displacement continuity at point P1 
between branches —1,1“ and “1,2“, and at P2 for segments —2,1“ and —2,2“; c) equality of 
displacement at each time instant at P1 and P2 between the two cables; d) force equilibrium at 
the vertical rod. These can be written as follows: 

yjp(xjp=0,t) = 0 (for j=1,2 and p=1,2); 	 (48a) 

y =l*,t) = y12(x *
11(x11 12=L1-l ,t);  y21(x21=l2,t) = y22(x22=L2-l2,t); (48b) 

y11(x1=l*,t) = y21(x3=l2,t);	 (48c) 
� 

� � 
� 

� � ��y �� y  �12 y �� y
H 11 � H � 21 22 � �1  0 . (48d) 

� �x  � � 2 � � �
� 11 x 12 1 �l * x x L * x

2 �
x 

1 �l � � 21 x3 �l 22 2 x4 �L2 �l2 � 

A purely oscillatory motion of each cable element can be developed using the classical solution 
in which time-dependent and spatial-coordinate effects can be separated as yjp(x i

jp,t) = Yjp(xjp)e ωt , 
where ω is the natural circular frequency of vibration of the coupled network (unknown). 
Equations 47 can be therefore reduced to a system of ordinary equations, as follows: 

d 2Y
H jp �j    2 � 	

dx2 � j� Yjp 0 ; (j=1,2 p=1,2). (49)
jp 

From Equation 49 and the conditions in Equation 48a the solution can be proposed of the form: 

��� �	 ��f� �
Y (x ) � A sin	� �11,12 11,12 11,12  � x11,12  � , Y21,22 (x � � �

L 21,22 )  A21,22 sin  � x21,22  � . (50a, b) 
� 1 � � L1 � 

In Equations 50 the upper cable is considered as reference element; α represents the reduced 
frequency of the system, and f is a parameter that takes into account geometrical and stiffness 
differences of cable —2“ with respect to —1“, defined as scaled frequency ratio.  From Equation 49 
such quantities can be redefined according to: 

1 

� �
� � H � 2 

� � 1 � ��  �� 01 ,
L �

1 � �1 � (51)
1 1 

� H � 2 � 2 

f � � 1  L
� � 

� �2 � �� �  
� 01 1

� � . 
� H 2 � � �1 � � 02 L2 

In these equations ��01 and ��02 are the fundamental circular frequencies of the unconnected 
cables. Equations 50a and 50b generally satisfy the requirements of the system given by 
Equation 49. The unknown parameters Ajp, representing the four modal amplitudes of each p-th 
segment, must be solved from the four boundary conditions (48b-48d).  In this way the solution 
to the free-oscillation problem, and the determination of the natural frequencies in terms of α, 
can be transformed into a system of four algebraic equations, linked to (48b-48d), in a matrix 
form: 
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SA � 0 , (52a) 

A � �A11 A12 A21 A22 �
T , (52b) 

�
sin(��� )
 �
sin[�� ( 
�
�
 0 0
 �1 1 1 )] 

� 
�

L �� �  
 
 
 �
�

 0 0 sin(��
�
�
)
 �
sin
�� f 2 � � � ��  
�
� ���

  
�
 � �
L �
 �� 


S 

�
 1 
�
 � , (52c)
sin(��� 
 �

� 1 ) 0 sin(�
 f�
�
�
) 0 

 � 
� f
 f
 �
 �
L
 �
�
� 

��cos(���
1 ) cos[�� (1
 
 2 �
 � � � � � 1 )]
 cos(�
 f�
 
�
)
 cos
�� f�    
h � 
�
�� �


� 

 h
 � �
L1 �
�
�


where all quantities have been reduced into the following dimensionless parameters: 
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H 2 ; �1 � l* L1 ; � 2 � l1 L1 ; �� � l2 L �1  �� �1 � 2 � . The infinite set of nontrivial 
solutions ( A � 0 ) to the homogeneous system (6a) can be identified through the condition 
det[S] � 0 . This condition is given by the roots of the following polynomial p(α): 
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h
 L

sin
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 L 1
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Equation 53 represents the frequency-equation that relates the general solution to a specific value 
of the system reduced frequency α, for which the modal amplitudes of the r-th segment can be 
obtained through the linearly independent equations of Equation 52. The roots of Equation 53 
cannot be found analytically in closed form for the general case, since little further simplification 
is possible; a numerical technique can be adopted in this general case. 

Generalization: 

The above approach can be generalized to a system of multiple cables and cross ties. Readers 
are referred to the complete paper for details of this development, which will not be repeated 
here for brevity.  This more general approach of necessity must be implemented and solved 
numerically. 

Results: 

The free-vibration analysis method, presented above was applied to the study of a cable network 
that was modeled after the Fred Hartman Bridge, a twin-deck cable-stayed bridge over the 
Houston Ship channel, with central span of 380m and side spans of 147m. The deck is 
composed of precast concrete slabs on steel girders with four lanes of traffic, carried by a total of 
192 cables in four inclined planes, connected at 15m intervals. 
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The investigated system corresponds to the south-tower central-span portion, a set of twelve 
stays with a three-dimensional arrangement (Figure 86); the geometric and structural 
characteristics are summarized in Table 14. Stay —24S“ is assumed as reference element; all 
other stay quantities are normalized with respect to this element. 

13S 14S 15S 16S 17S 18S 19S 20S 21S 22S 23S 24S 

Fred Hartman Bridge - Main Span Unit (South Tower) 

Restr. 3 

Restr. 2 

Restr. 1 

Offset 

(Ref.) 

Figure 86: General problem formulation (original configuration). 

Table 14:  Geometrical and structural characteristics of the Fred Hartman system. 

mass mass 
Stay (lb/ft) (kg/m) T (kips) T (N) L (m) Lred (-) � (rad/s) freq (1/s) fj (-) �j (-) 
13S 21.84 32.50 371 1.65E+06 59.523 0.3009 11.895 1.893 0.3258 0.3947 
14S 32.21 47.93 359 1.60E+06 67.345 0.3404 8.516 1.355 0.4551 0.4715 
15S 32.21 47.93 427 1.90E+06 76.549 0.3869 8.171 1.300 0.4744 0.5142 
16S 32.21 47.93 485 2.16E+06 87.333 0.4414 7.633 1.215 0.5078 0.5481 
17S 35.53 52.87 538 2.39E+06 99.377 0.5023 6.727 1.071 0.5762 0.6062 
18S 35.53 52.87 614 2.73E+06 112.280 0.5675 6.360 1.012 0.6094 0.6476 
19S 43.81 65.20 720 3.20E+06 125.779 0.6357 5.537 0.881 0.7000 0.7788 
20S 47.12 70.12 753 3.35E+06 139.701 0.7061 4.916 0.782 0.7885 0.8260 
21S 47.12 70.12 861 3.83E+06 154.076 0.7788 4.766 0.759 0.8132 0.8832 
22S 47.12 70.12 797 3.55E+06 168.403 0.8512 4.195 0.668 0.9238 0.8497 
23S 51.09 76.03 963 4.29E+06 183.056 0.9252 4.074 0.648 0.9513 0.9726 
24S 51.09 76.03 1018 4.53E+06 197.847 1.0000 3.876 0.617 1.0000 1.0000 

Stay-cables 

The transverse connectors, an —eight-loop“ steel wire rope system, are located in accordance with 
the existing system (Figure 86). The characteristics of these elements are provided in Table 14. 
The three-dimensional cable network was reduced to an equivalent two-dimensional problem. 
As a result of this transformation to equivalent 2D problem, the overall pattern of the model is 
slightly irregular, since the lengths of each cable segment were selected at symmetric locations 
with respect to each stay but not to the global network. 

The definitions of the modal frequencies and mode shapes of the network (free-vibration 
analysis) was performed through the study of the roots of the determinant of the system matrix as 

da function of the reduced frequency of the structure �, det[S(� )] and �det[S(� )]�; in this
d� 

case f01 = 0.617 Hz. 
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A careful study of the solution patterns showed two categories of roots.  The first are associated 
with —global modes“, in which the whole set of cables is involved in the oscillation and with a 
substantial increment in the generalized mass of the mode, with respect to the individual cable 
modes. The second category is one of —localized modes“, in which the response of network is 
not global but the maximum amplitudes are located in the intermediate segments of specific 
cables only.  Moreover the overall characteristics of these modal forms (both symmetric or 
antisymmetric) can be different from the solution for individual cables, and influenced by the 
presence and the location of the transverse connectors.  The solutions are antisymmetric or 
pseudo-symmetric.  The wavelength of these modes is essentially governed by the distance 
between two consecutive connectors (being almost coincident with the nodes of the modal 
shape). The high density of solutions is related to the fact that these modes are the components 
of high-order modes of the individual cables with different magnitude, for which the location of 
the connector on each cable represents a node of the individual mode shape.  

Figure 87 depicts the eigenfunctions of the fundamental modes of the two-dimensional model 
corresponding to the Hartman Bridge, normalized so that the resulting modal mass of the 
network is unitary.  In this way the presence of a localized mode is emphasized (modes 4-8) by 
solutions for three comparative cases (NET_3C, original configuration; NET_3RC perfectly 
rigid transverse links; NET_3CG modified non-rigid configuration with ground restrainers) is 
presented in Figure 88, in which the natural frequencies (Hz) are plotted as a function of the 
mode number and compared to the individual cable behavior.  A similar representation was 
introduced by Abdel-Ghaffar and Khalifa (1991) for the numerical study of vibration problems 
of cable-stayed bridges, in which global (deck, towers) and local modes were identified.  From 
this figure, the structural behavior can be efficiently and graphically characterized: the sequence 
of fundamental global modes is followed by a high-density solution pattern, corresponding to the 
localized modes that can be related to the symmetric components of the individual cable 
segments. 

A typical plateau can be identified for all the sets; the upper and lower frequency limits, as 
indicated in Figure 88, are influenced by those frequencies of the individual cable solutions, the 
modal shape of which is characterized by wavelength close to the distance between restrainers.  
The modes included in this region are defined as local, governed by the geometry of internal 
elements of the system, the distance between consecutive nodes of the grid ( Pj , p ) but largely 
uninfluenced by the structural properties of the connectors.  An upper and lower limit frequency 
can be detected, in this case 1.9 and 2.7 Hz, respectively. 

Both limits are connected by the frequency of antisymmetric second modes in the individual 
stays; the upper � is directly related to the frequency of shorter cables while the lower value is 
influenced by a combination of the stays in the central part of the structure (presence of pseudo-
symmetric components).  The high density of frequencies, reflected in the behavior of the 
determinant, det[S(� )] , suggests a potential sensitivity to forced oscillations, exciting the 
network within this range of �, in which the dynamics can be influenced by a combination of 
these modal forms. Beyond this upper limit the situation reverts to a set of higher network 
modes and thereafter, a second plateau appears in the frequency range coincident with high-order 
antisymmetric individual segment modes; this pattern of consecutive —steps“ defines a typical 
pattern for the behavior. 
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Figure 87:  Eigenfunctions of the network equivalent to Fred Hartman Bridge; 1st œ 8th modes. 
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Figure 88:  Comparative analysis of network vibration characteristics and individual-cable 
behavior; Fred Hartman Bridge; NET_3C, original configuration; NET_3RC, infinitely rigid 

restrainers; NET_3CG, spring connectors extended to ground (Restr. 2,3). 

For practical purposes, the connectors in the original configuration can be considered as 
effectively rigid, since the two graphics (NET_3C, NET_3RC) essentially overlap (the increase 
in the frequency of the fundamental frequency is only about 3% only). 

The action of progressively increasing the stiffness of the restrainers produces modifications and 
increments in the frequency of the first global modes (and, to a lesser extent, of the higher global 
solutions). The presence of the ground connectors (Restrainers 2,3) is able to modify only global 
modes (1-3, beyond 27), influencing the response at low frequencies (first modes) and, 
subsequently, only for much higher solutions, in a frequency range of lower importance for 
design purposes.  Modal amplitudes are clearly reduced in the portion of the stays connected to 
the deck for purely symmetric modes almost becoming zero.  The same behavior is also recorded 
for antisymmetric global modes  in which the oscillations are mostly confined to a restricted 
region of the network (two or three columns of elements on the left side).  

No variations for the intermediate modes (local modes) on the plateau can be seen; solutions are 
localized and internal portions of the cables or components of higher modes of the individual 
cables are involved.  Frequencies in this range are also strongly influenced by a diminution of the 
modal mass, associated with a reduction in the size of the contributing components. 

Figure 88 also suggests a methodology for evaluating or comparing the efficiency of a system. 
The rate of change of this function might represent a measure of the system behavior for the first 
and non-localized modes, higher values of the slope being related to a significant increment in 
the associated frequency.  Alternatively the extension of the plateau on the mode number axis 
can be seen as an equivalent way of identification; broad almost-horizontal regions should be 
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avoided since they correspond to a large number of local modes, which may be difficult to 
control (for example through dampers). The height of the plateau with respect to the frequency 
axis can also be considered as a means of assessing the performance of the system, this being a 
metric of the separation between the fundamental modes and the local ones. 

Summary: 

Limited study of in-plane vibrations of complex cable networks has usually been performed by 
means of finite element methods due to the number of cable elements that are involved and the 
variability of the global characteristics of the system, also connected to local variations in the 
cross-tied configuration. An alternative methodology for the analytical derivation of the equation 
of motion (free-vibration problem) of a network, based on the taut-cable theory has been 
extended and applied to the study of a real case.  The central and side span configurations of the 
Fred Hartman Bridge were considered; a sensitivity analysis of the modal characteristics and 
frequencies, based on a set of modifications to the original design, contributed to the formulation 
of some preliminary general criteria to be considered for the optimization of this type of systems. 
Advantages and limitations with respect to finite-element simulations are evident. 

This approach showed some clear advantages with respect to the finite element simulations, not 
only because a direct link with the mechanics of the phenomenon can be always referred to the 
characteristics of the basic solutions, but also because the behavior of a very complex system can 
be represented through a simple but efficient characterization, very useful in design or 
subsequent mitigation analyses. The identification of global and local network modes was also 
possible, suggesting that the control of this category of structures can become very challenging at 
higher frequencies due to the nature of the modes that are involved.  The general frequency 
increment in the fundamental modes that is usually attained by the introduction of transverse 
connectors must be balanced with the potential undesirable behavior of the local modes.  This 
aspect might potentially reduce the overall benefit of enhancing the performance of individual 
stay behavior by a network. 

Design Considerations: 

From the analysis of the previous cases a set of considerations for the improvement of the 
response of a cable network can be proposed.  

The sequence of global modes and intermediate localized modes is responsible for typical 
behavior with consecutive steps or plateau.  A first suggestion is to keep the location of the first 
plateau as high as possible, distant from the fundamental modes, in order that the antisymmetric 
individual-cable modes (2nd mode) that mostly contribute to the network modal shape are those 
of the shorter cables.  Symmetric configurations of the restrainers with respect to intermediate-
length cables is preferred to increase the frequency interval (lower limit in particular) 
corresponding to local modes, since they minimize the longest segment length. 
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Relative stiffness of the transverse restrainers does not seem to play a significant role in the 
definition of the modal characteristics; on the contrary the frequency ratio among different stays 
fj, related to the reference cable frequency, seems to be responsible for the network mode 
sequence. A good compromise between small fj (shorter stays) and high values (longer stays) is 
preferred for the optimization of the system. Unfortunately this aspect is not connected to the 
cross-tied configuration but to the existing setup of the bridge. 

A cable network cannot be designed to withstand all possible excitations; the best thing that can 
be done is to select some sources of vibrations and —tune“ the network not to respond to them, 
since the behavior becomes complex due to the presence of the plateau; localized modes are 
practically unmanageable since they mainly concern internal elements of the system, although in 
these cases the vibration is confined to a selected portion of the structure and the potential 
implications for long-term structural sensitivity (fatigue damage) are less relevant. 

A network combined with additional mechanical dampers, connected to the deck at specific 
locations, might be seen as an efficient way of vibration reduction.  The presence of pseudo-
symmetric behavior should be carefully assessed: it generates —non-dampable“ modes (half of 
the structure is at rest). This behavior is enhanced by the presence of ground connectors. It might 
be possible to use a ground-restrainer in the proximity of the shortest cable, close to the tower in 
combination with dampers on the segments on the right side of the longest cables closest to the 
deck. In fact the first pseudo-symmetric modes, in this model, are those related to the 
unconstrained regions of the network and the presence of a damper in this position might become 
efficient. This opportunity must be balanced with the fact that, when the addition of these 
devices is necessary, the high inclination of the short cables might make them difficult to install. 

Finally the optimal design of a network should be based not only on structural performance 
considerations but also on cost previsions (installation, maintenance).  In this way the preferred 
solution should be suggested perhaps through a more extended optimization technique. 
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C2.4 DAMPERS IN COMBINATION WITH CROSS-TIES 

The method outlined above can also be extended to a cable network in which the secondary 
restrainers, originally simulated through linear spring elements, can be combined with discrete 
dampers placed in the system as an additional measure for the reduction of the oscillations.  The 
procedure is also based on results on the problem of performance improvement for a vibrating 
cable by adding a transverse damper (Main and Jones, 2002a).  The combination of cross ties 
with dampers is not usually considered in the literature and only marginally addressed in the 
design for this type of structure, even though the opportunity of a larger overall benefit linked to 
a —coupled“ behavior might be present with few modifications to the undamped configuration. 

Problem Formulation 

Elements of the more general problem formulation are depicted in Figure 89.  The example 
shows a cable network configuration, simulated by a set of parallel cables, interconnected by 
means of appropriate restrainers, on occasion extended to ground.  
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Figure 89:  Generalized cable network configuration. 

The constitutive law for these connectors can be simulated by linear springs or a viscous 
damping model. The generic j-th cable (j=1,…,n) is divided into mj segments (with j variable for 
each cable) due to the presence of the transverse cross-ties.  The j-th cable is restrained at both 
ends. The geometric and physical characteristics of the j-th cable are indicated as: length Lj, 
tension Hj and mass per unit length � j . The free-vibration problem can be solved through a 
system of partial differential equations, corresponding to each cable segment,  

2 2 

H j 

� y 
2 

jp 
� � j 

� y 
2 

jp . (54) 
�x jp �t 

The xjp along-axis coordinate of the p-th segment of the j-th cable (with j=1,…,n; p=1,…,mj) has 
been taken in accordance with Figure 89; transverse displacements, yjp(xjp,t), where t denotes the 
time variable, are considered positive downwards.  The motion of each element can be postulated 
as yjp(xjp,t) = Re[Yjp(xjp)ei�t], where � is the complex frequency of vibration of the coupled 
network to allow for the presence of localized damping in the structure.  Equation 54 can be 
therefore reduced to a system of ordinary differential equations, 

H j

d 2Y 
2 

jp 
� � j� 2Y jp � 0 . (55)

dx jp 
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A solution of the form 

� � �  � 
Y (x ) � A sin� �� f x � � B cos� �� f x �

j , p j , p j , p � L j j , p � j , p � L j j , p 
(56) 

�
� j � � j � 

can be proposed, which can be expressed for each segment, in terms of complex trigonometric 
functions and by selecting a reference cable (upper; j=1) with natural frequency (real) 

π 
ω01 = H1 �1 and a normalized complex frequency γ = α + iβ , with i �

L
�1 , such that 

1 

� � ��01 . 

The term f j � � 01 � 0 j  corresponds to the generic j-th cable frequency ratio and 

ν j = (� j �1 )(H j H1 )  to a mass-tension reduction factor. The length of the p-th segment of the j-


th cable, the limits of which are defined by the nodes Pj; p�1 and Pj; p , is denoted as l j , p ; 
accordingly, a dimensionless length with respect to the total extension of the j-th stay can be 
taken as � j , p � l j , p L j . Equation 56 can be solved in terms of the unknown amplitudes Ajp, Bjp,
by means of a set of compatibility, continuity and equilibrium equations that are related to the 
constitutive law that is assigned to the restrainer (linear spring or viscously damped element), 
leading to a homogeneous system of 2r � 2�m j  equations (Caracoglia and Jones, 2002a). This 
set can be rewritten in a more compact matrix form as S� = 0 (algebraic system of nonlinear 
equations), where the vector � contains the unknown Ajp, Bjp. The infinite set of nontrivial 
solutions (��� 0), associated with the condition det[S] = 0, can be solved for the normalized 
frequency �, as an equivalent eigenvalue/eigenvector problem (in general complex); a numerical 
technique is required for all but simple systems.  Details are omitted for brevity in this study. 

Basic Solutions: 

The investigation of basic solutions that are concerned with a reduced number of cables is very 
useful in the understanding of the mechanics of the problem. As part of this analysis a collection 
of relevant examples can be constructed, both to identify the physical behavior and to reveal any 
interesting characteristics that can be also identified not only in a simple structure but in a more 
generalized 2r � 2r system.  The study of these simple examples therefore represents a useful 
support to the analysis of multi-stayed networks. 

In particular in this section this method is applied to the study of a symmetric twin cable 
arrangement, in which the natural frequencies of the two isolated cables, are coincident 
(� 01 � � 02 ), and H, L, � are constant.  The additional independent variable is represented by the 
normalized connector location � = 1/L, where 0 � � � 1 (Figure 90). 

In these cases the characteristic polynomial can be analytically derived and, subsequently, the 
mode.  Two examples were analyzed: in the first one (a) the restrainer was simulated by means 
of a linear spring of stiffness K; in the second one (b) this type of connection was replaced by a 
dash-pot, characterized by a perfectly viscous behavior with damper coefficient c. In both cases 
the solution can be expressed as a function of the non-dimensional location �� and the physical 
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properties of the transverse element. The solution is associated in both cases with a 
transcendental equation that needs to be numerically solved.  
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Figure 90:  Twin cable with variable position connector. 

For the linear spring model the frequency is real ( � � � ) and the modal eigen-functions turn out 
to be strictly trigonometric.  This quantity can be related to a normalized stiffness parameter, 
dK = H/(KL). The limit dK ��  represents the case in which the stiffness of the connection is 
zero, i.e., a completely disconnected system, while dK = 0  is related to the case of a perfectly 
rigid bar. In Figure 91a the typical behavior of the real solution for the modal frequency is 
depicted for the first —pseudo-symmetric“ mode, as a function of � and dK. The connector is in 
fact responsible for the presence of such modes with localized form, along with the symmetric 
and anti-symmetric solutions of the individual case, in which no frequency variation is recorded 
(� = 1,2,...N). Similar contour plots can be also generated for the higher modes.  Moreover it 
can be seen that, as dK tends to 0, approaching the rigid case, the frequency follows a typical 
hyperbolic law � � � � 1/(1� � ) , corresponding to a modal form in which nodes P1, P2 and 
elements 1,3 (Figure 90) are at rest while segments 2 and 4 are vibrating out of phase with 
wavelength L � l  (Figure 91c). 

For the dash-pot model the polynomial, the roots of which are associated with the frequency 
� = � + i�, is complex. The numerical technique develops this polynomial into a system of two 
equations corresponding to real and imaginary part, which need to simultaneously vanish.  This 
example presents clear similarities with the concepts of single-degree-of-freedom damped 
oscillator, as equivalently derived by Main and Jones (2002a) for the single cable with dash-pot 
to ground.  The generic �k can be expressed as a combination of an oscillatory decaying solution 

� �
0k �
with frequency
 1 2
k � � � k � � k 01  and damping ratio �k. A critical value of damping can 

be defined in terms of the dimensionless damping parameter � � c H� . In Figure 91b the 

typical solution curves in ���� (or � k ,�k ) for the analyzed example are depicted: a restricted set 
of values for the ����� pair can be found, as � varies from 0 to infinity, corresponding to the two 
perfectly oscillatory cases with no damping in the absence of the connector (� � 0 , 
� � � � 1,2, k ,..., N ) and the perfectly rigid restrainer of Figure 91c ( � � � ; diamond symbol in 
Figure 91b) with pseudo-symmetric modes with � � � � k /(1 � � ), k /� . The evolution of the 
solutions between these limits can also be seen for modes 1 to 5.  

Differences can be seen (Figure 91b) between mode 2, which reflects this aspect, and mode 1 as 
the solution approaches the critical condition of unit damping ratio (

��  

Modal frequencies, as a function of d   and connector location Damping ratio of the first five PS modes - c.location= 0.35 
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Figure 91a: Twin cable system, with connector location � = 0.35, example of frequency 
solution for linear spring model. 

Figure 91b:  Typical solution curves of the complex frequency for the dash-pot. 
Figure 91c: Intermediate segments of specific cables only. 
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Figure 92a:  Fred Hartman Bridge 
(—A-line“) 3D network. 
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Figure 92b:  Equivalent model. 

The collection of behavioral observations from these (and other not reported here) simplified 
examples will be applied and compared in the next section to the study of a real example of cable 
network. 

Cable Network Analysis In The Presence Of Discrete Dampers: 

In this section, a modification to the —A-line“ original system described earlier considers the 
addition of dampers in specific locations of the structure, as depicted in Figure 92.  Dampers D1 
and D2, directly connected to the deck, are introduced at the location of restrainers 3 and 2, 
respectively. The first results of this investigation are presented in Figure 93a, which shows the 
behavior of the fundamental global mode (1) in terms of the evolution of ( � k ,�k ) as a function 
of the dimensionless damping parameter �. 

In the first example (thin line of Figure 93a) the influence of only damper D1 was investigated. 
A behavior very similar to the basic solutions can be observed. The solution emanates from the 
real frequency coincident with the solution with zero damping, denoted by —M1[uu]“ in the 
figure, reaches a maximum value of optimal damping (—M1[uo]“) and then decreases, tending to 
the purely oscillatory case of a fixed connection to ground (—M1[ru]“). 

In the second case, the addition of damper D2 was considered as a function of a the damping 
parameter � D2 ; moreover it was assumed that D1 was optimally designed for the first mode per 
the previous example, with � D

opt 
1 � 6.25,  corresponding to a damper coefficient cD1 approximately 

equal to 131 kN-s/m (about 9000 lbf-s/ft).  
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The thick line of Figure 93a shows the solution evolution for this new configuration. The �,� 
pair originates from the point corresponding to the case with only damper D1 active (optimized 
system —M1[uo]“ œ circle symbol), and subsequently increases (as � D2  progressively grows) 
towards a new maximum value related to the introduction of this second device.  The solution 
partially deviates from the basic behavior, despite the presence of a similar trend, since it does 
not converge to a perfectly oscillatory solution as � D2 � �  (—M1[rr]“), due to the presence of 
D1, although the difference is not evident in the figure. In addition, the location of D2 (mid-
span) is clearly more efficient, at least for the fundamental network mode; in fact the recorded 
peak value of the damping ratio is considerably larger than the previous case, and the device that 
seems necessary requires a relatively low cD2 (about 11800 lbf-s/ft, or 172 kN-s/m).  

Figure 93b shows, as an example, the complex eigen-function associated with the first mode of 
the optimized system —M1[uo]“ ( �D

opt 
1 � 6.25 ); real and imaginary parts are separately plotted to 

highlight the presence of in-phase and out-of-phase components.  It is worth observing that the 
effective mode shape of the system corresponds to a combination of these two functions. 
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Figure 93a:  Frequency solutions   (1st 
mode) for the damped cable network 

(—A“-line). 
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Figure 93b:  Complex modal form (1st mode) 
for the optimized system —M1[uo]“. 

Comments: 

The introduction of dampers at specific locations of the network was analyzed.  Results suggest a 
potentially wide range of practical applications, related to design and post-erection mitigation 
analyses. In particular, the combined role of dampers and cross-ties seems promising.  Future 
enhancements will include the study of the role of dampers in cable networks for higher and 
localized modes and the effect of cross-tie mass on the system. 
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C2.5 FIELD ASSESSMENT OF DAMPER AND CROSS-TIE PERFORMANCE 

To suppress problematic vibrations in stay cables, dampers are often attached to stay cables near 
the anchorages to supplement the low levels of inherent damping.  Dampers can potentially be 
attached unobtrusively near the stay anchorage at the deck or tower, and thus detract minimally 
from the aesthetics of the structure.  While multiple types of excitation are likely to be 
encountered in the field, and although the mechanisms that induce the observed vibrations are 
still not fully understood, attached dampers render stay cables less susceptible to many types of 
excitation by increasing the low levels of inherent mechanical damping. For these reasons, 
dampers have had relatively widespread use, and their effectiveness in mitigating stay-cable 
vibrations is now fairly widely accepted.  However, criteria for damper design are not well 
established. Current recommendations for required damping levels to suppress rain-wind 
vibrations were developed using simplified wind-tunnel models (Irwin, 1997), and it is not clear 
whether these guidelines are adequate or appropriate for vibration suppression in the field.  In 
addition, it is important to note that vibrations can occur in more than one mode of the cable, and 
little has been done to address the question of how much damping should be provided in each 
mode. 

In order to evaluate damper effectiveness and facilitate the design of even more effective and 
economical systems, it is important to perform a quantitative assessment of damper performance 
under various types of excitation.  Toward this end, this investigation seeks to evaluate the 
effectiveness of passive linear dampers installed on two stays on a cable-stayed bridge in the 
United States by comparing response statistics before and after the damper installation and by 
investigating in detail the damper performance in a few selected records corresponding to 
different types of excitation.  To provide background for this evaluation, a summary is presented 
of measured vibration characteristics before the damper installation.  Recent developments are 
discussed in the modeling of a taut cable with attached damper and the determination of modal 
damping ratios and damping-induced frequency shifts, and some limitations in the performance 
of linear dampers are discussed.  Other types of damping devices, including semiactive dampers 
(Johnson et al., 1999) and friction dampers (Kovacs et al., 1999), have been previously 
investigated in attempts to achieve improved damping performance over the linear damper.   

Performance of Linear Dampers 

Viscous dampers have been installed for evaluation on two stays on the Fred Hartman Bridge, 
and at the time of writing, data have been collected for almost three years after the damper 
installation to evaluate the damper performance.  Properties of the two stays on which evaluation 
dampers have been installed are given in detail in Main and Jones (2001). 

The dampers under investigation were designed for optimal performance in the fundamental 
mode of vibration which œ according to the Scruton criterion mentioned above œ should provide 
adequate damping in the first several modes to suppress wind-rain vibration (i.e., approximately 
more than 0.5%). Figure 94 shows the damping ratios for both stays in each of the first 10 
modes of vibration, computed from numerical solution of the eigenvalue equation.  Curves 
corresponding to the damping ratios predicted by the asymptotic expression for the universal 
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curve are also plotted with these values.  As discussed in (Main & Jones 2002a), the error in the 
predictions of the universal curve are most significant near the optimal portion of the curve, and 
it is evident here that the asymptotic approximate value differs most significantly from the exact 
value in mode 1, for which the damper is nearly optimal.  This error near the optimal portion of 
the curve becomes more significant in the higher modes, but because the damper is far from 
optimal in the higher modes in these cases, the universal curve gives quite good predictions of 
the damping ratios in these modes.    

Figure 94:  Damping vs. mode number for Hartman stays A16 and A23 

In the figures included herein, wind speed reported is at deck level and is computed according to 
the following priority scheme.  Data from the tower-top are given priority, because the tower-top 
anemometer is not influenced by interference from the bridge deck.  The deck-level 
anemometers were found to be well correlated with the tower-top anemometer except for winds 
from the west, where interference from the bridge deck reduces the measured velocities at deck-
level.  Consequently, data from the deck-level anemometers are used only when data from the 
tower top are unavailable, and then only in the range of wind direction where the correlation with 
the tower-top anemometer is good.  In every case, deck-level wind speeds are presented, and in 
cases where data from the tower-top anemometer are used, these values are scaled down to deck-
level using a scale factor generated from a linear regression analysis of the deck-level and tower-
top data (approximately 0.66).  Wind direction is measured in degrees clockwise from the bridge 
axis, with zero degrees corresponding to wind approximately from the north, directly along the 
bridge axis. 

Acceleration data are reported from transducers installed on the stays usually about 6 m 
vertically above deck level.  In some analyses, these data are reported in terms of peak modal 
amplitude, with adjustment for location included. For the purposes of this investigation and for 
the data reported herein, the accelerations are reported at the transducer location. 
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Global Damper Performance: 

The global performance of the dampers installed on stays A16 and A23 is summarized in Figures 
95 and 96, respectively, which illustrate the following 

��	

��	

��	

Characterization of oscillations (in-plane) occurring before installation of the damper 
as a function of wind speed and direction. 
Characterization of oscillations (in-plane) occurring after the installation of the 
damper as a function of wind speed and direction. 
Measurement of damper force as a function of wind speed and direction. 

Before the damper is installed, both stays show similar characteristics, and patterns that are 
consistent with other field and wind tunnel observations that are described earlier.  A high 
density of points is seen near the abscissa, which generally corresponds to vortex-induced 
vibration in a variety of modes and low-level buffeting response of the stay to random 
excitations.  Both figures clearly indicate the characteristic signature of wind-rain oscillation as 
the multiple points over a wide range of wind speeds that are of high amplitude i.e., root-mean-
square (RMS) accelerations greater than 0.5g.  One-minute mean wind speeds at deck level 
reached 15 m/s before the dampers were installed, and almost 18 m/s in the period after 
installation. This latter value corresponds to a one-minute average wind speed of 27 m/s (60 
mph) at the top of the tower, recorded during a thunderstorm.  The dependence on wind direction 
is also clear, with A16 showing its peak responses between 90 deg and 160 deg, and A23 over a 
narrower range between 90 deg and 135 deg.  The primary goal of a mitigation system is to 
reduce significantly or eliminate these large-amplitude events, while respecting the fact that the 
stays and bridge form dynamic systems and will always exhibit some level of dynamic response. 

The corresponding figures after the installation of the dampers are also presented.  These figures 
suggest the following: 

��	

��	

��	

Amplitudes are significantly reduced across all recorded wind speeds (up to 18 m/s at 
deck level) with maximum RMS acceleration amplitudes of around 0.5g. 
The dependence on wind direction has been altered significantly, with the previously 
preferred range now largely unapparent, and the largest of the responses now nearer 
to a 90 deg angle of incidence.  The characteristics of selected records corresponding 
to these locations will be discussed in more detail later. 
The third pair of figures shows the RMS damper force measured in kN for the two 
installed devices as a function again of wind speed and direction.  Clearly, the 
dampers are functioning and providing dissipative force to the stays as intended.   

For stay A16, the pattern of forces resembles closely the pre-damper acceleration figures 
(both in terms of wind speed and direction), suggesting that the dampers are being 
engaged by the stays to suppress proclivity towards wind-rain vibration.  Indeed, 
relatively high-magnitude forces are seen in the complementary range of 225 deg to 270 
deg, which represent wind directions also corresponding to the declining direction of the 
stay (but now from the southwest rather than southeast.) 

For stay A23, the behavior is similar, though perhaps not as clear as in the previous case. 
Much of the high force data for this stay is now clustered around and incident angle of 90 

186




deg, although some up to 110 deg are evident.  An interesting and unusual cluster of 
points labeled as —Record C“ is discussed in Main and Jones (2001).  Note that in all the 
records, the highest amplitude RMS force recorded is approximately 5.6kN (1125lb) œ a 
relatively modest level of load. 

More detailed comparisons and discussion can be found in Section 2.6 and Main and Jones 
(2001). 

Recent and ongoing analyses suggest the evaluation of the damper performance is indeed more 
complex than the simple assessment outlined above.  The presence of a significant static 
frictional component in the dampers, coupled with their design for mode 1 results in very stiff 
systems.  While the dampers are still clearly effective, interpretation of why they are effective is 
more complicated than originally thought. 
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Figure 95:  Stay vibration and damper force characteristics;  Stay A16. 
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Figure 96:  Stay vibration and damper force characteristics;  Stay A23. 
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Performance of Cross-ties 

The validation of the analysis approach for cross-tied systems was performed by the comparison 
of a specific study example with a set of experimental data. A long-term ambient vibration 
survey is currently in progress on the Harman Bridge to monitor stay-cable vibration and to 
better understand the overall performance of the structure and its modal characteristics. More 
than ten thousand trigger files have been recorded during a period of three years.  

The methodology was applied to the study of the side-span unit of the south tower of the bridge. 
The cable network is configured by means of three transverse restrainers, similar to those 
presented earlier.  The data set was extracted from the records of four in-plane and out-of-plane 
accelerometers, placed along stays AS1, AS3, AS5 and AS9 at a height of approximately 7m 
from the deck level. The correspondence between the predicted modal characteristics and the real 
behavior was carried out by simultaneous spectral analysis of the in-plane acceleration record 
database of the four locations. The analysis was founded on the simultaneous identification of 
the same dominant in-plane frequency on all the four investigated cables. More than 2000 trigger 
files from the years 2000 and 2001 have been considered (after the installation of the restrainers). 
An algorithm was designed for the automatic processing of the records. 

The investigation considered the presence of cable network behavior along with individual cable 
and, eventually, global (deck) structure modes. The fundamental frequencies of each stay were 
identified in a previous experimental campaign and were adopted as input data in the numerical 
procedure to allow for a consistent comparison of the results with the real situation.  

The numerical analysis was performed by using as reference the measured frequency values of 
Table 15, after comparison with the current data set available on the four stays, such as the 
acceleration time histories associated with the out-of-plane unrestrained vibration of the cables. 
Other physical characteristics that are required by the procedure were indirectly deduced. The 
results of the simulation are summarized in Table 16, in which the modal frequencies of the 
modes between 0 and 4 Hz are indicated. In addition the subdivision into global and local 
network modes is indicated along with information about the general characteristics of the modal 
shape. 

The fundamental frequency (NM1) is 0.93 Hz, slightly lower than that deduced for the central 
span arrangement; a different network configuration of the cables and connectors in the latter 
case is probably the cause of these differences. An interesting observation is that the computed 
frequency of NM1 is close to the 10th bending mode of the bridge (0.924 Hz), which suggests, in 
theory, a potential susceptibility to interaction of the deck-stay system in this range. Low-density 
values of frequency can be seen up to 2.4 Hz (NM5) and beyond 3 Hz (NM30). The plateau 
behavior was detected between 2.4 and 3.0 Hz, associated the local behavior and a high density 
of solutions (NM5-NM29). 
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Table 15: Individual cable frequencies (0-4 Hz) of the A-line side span stays of the Fred 

Hartman Bridge (direct measurement). 


Stay 
1 (*) 2 3 

Mode n.

4 5 6


AS1 0.646 1.2920 1.9380 2.5840 3.2300 3.876 
AS2 0.687 1.374 2.061 2.748 3.435 4.122 
AS3 0.655 1.310 1.965 2.620 3.275 3.930 
AS4 0.720 1.440 2.160 2.880 3.600 4.320 
AS5 0.810 1.620 2.430 3.240 4.050 4.860 
AS6 0.864 1.728 2.592 3.456 4.320 5.184 
AS7 1.032 2.064 3.096 4.128 5.160 6.192 
AS8 1.104 2.208 3.312 4.416 5.520 6.624 
AS9 1.255 2.510 3.765 5.020 6.275 7.530 

AS10 1.355 2.710 4.065 5.420 6.775 8.130 
AS11 1.794 3.588 5.382 7.176 8.970 10.764 
AS12 1.700 3.400 5.100 6.800 8.500 10.200 

(*)	 Derived from previous direct measurement

= Monitored stays in this study


Table 16:  Cable network modes (0-4 Hz) predicted by the model (A-line system). 

Mode N. NM1 NM2 NM3 NM4 NM5 NM6 NM7 NM8 NM9 NM10 NM11 NM12 NM13 NM14 NM15 NM16 NM17 NM18 
Frequency 

[Hz] 
Mode type 

0.926 

G-S  

1.458 

G-AS  

2.043 

G-S  

2.332 

L  

2.368 

L  

2.406 

L  

2.430 

L  

2.448 

L  

2.467 

L  

2.472 

L  

2.500 

L  

2.556 

L  

2.582 

L  

2.600 

L  

2.631 

L  

2.644 

L  

2.662 

L  

2.677 

L  

Mode N. NM19 NM20 NM21 NM22 NM23 NM24 NM25 NM26 NM27 NM28 NM29 NM30 NM31 NM32 NM33 NM34 NM35 NM36 
Frequency 

[Hz] 
Mode type 

2.689 

L  

2.697 

L  

2.720 

L  

2.747 

L  

2.765 

L  

2.797 

L  

2.819 

L  

2.862 

L  

2.956 

L  

2.994 

L  

3.018 

L  

3.217 

G-S  

3.347 

G-S  

3.417 

G-S  

3.456 

L

3.689 

G-AS  

3.948 

L  

4.077 

L  
G = Global Network mode; L= Local Network mode; S = symmetric; AS = antisymmetic 

The experimental identification of network modes of Table 16 in the records of AS1, AS3, AS5 
and AS9 was restricted to a subset of —visible“ components in accordance with the location of the 
accelerometers, since predicted local modes that are concentrated in the central and upper portion 
of the system could not be physically detected. The power spectral densities of the four in-plane 
accelerations of AS1, AS3, AS5 and AS9 have been compared to the predicted values of the 
network. 

The results of the data analysis showed consistent similarities with the predictions, also 
indicating the potential presence of some of the —new“ modal forms in frequency ranges in which 
modal characteristics from other sources (individual stays, global structure, etc.) were often 
excluded.  

NM1, as network mode, was clearly identified in one occasion only for a continuous time 
interval of about fifteen minutes, corresponding to an extremely rare occurrence in terms of 
ambient-induced vibration. This event was mainly driven by the high-amplitude motion of the 
deck due to vortex shedding and related to a strong wind with direction almost perpendicular to 
the bridge axis. 
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Simultaneous peak amplitudes in the acceleration spectra from the stays were found in a 
significant number of realizations that corresponded to the simulated frequencies of the second 
global antisymmetric mode (NM2, 1.46 Hz) and higher global symmetric modes (NM30-31, 3.2 
Hz). Clear indication of the potential development of local network modes rather than individual 
stay oscillation was also detected in frequency intervals predicted by the model. 

More figures and details of the comparison are included in Caracoglia and Jones (2002b). 

It is noted that recent investigation of recorded data suggests instances of relative large-
amplitude oscillation for the stays when the wind is parallel to the deck.  The cross ties were 
ineffective at damping these oscillations, whereas the dampers seemed to be quite successful.  It 
is anticipated that these large amplitude oscillations are due to a form of wake galloping.  The 
analysis of these records is in progress and will be reported as soon as it is complete.  The 
implication of this discovery for cross tie systems is important, however. 
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C2.6 DETAILED STUDY OF DAMPER PERFORMANCE 

Despite the demonstrated effectiveness, the design of passive dampers still remains semi-
empirical. An efficient and reliable way to estimate the inherent damping in the cables is still not 
available. The traditional logarithmic decrement method has so far been the most widely adopted 
for this task. But the effectiveness of this method is limited, because the highly vibration-
amplitude dependent nature and some other existing but not clearly understood nonlinearities of 
the inherent damping in cables cannot be readily handled by this approach. In addition, 
vibrations can occur in more than one mode of the cables, and understanding of modal inherent 
damping is essential for damper design. But it is difficult to force the cables to vibrate at desired 
amplitude in the modes with relatively high (say, >2 Hz) or low (say, <0.5 Hz) frequencies. This 
fact also limits the number of modes the logarithmic decrement method can handle. Application 
of other traditional methods such as the —half-power-bandwidth-method“ and the more recent 
—random decrement method“ are also likely to have limited success because of their respective 
limitations.  

Analytical work by Yamaguchi and Jayawardena (1992) suggested that modal damping ratios in 
stay cables are proportional to the dynamic strain energy in the cables. A theoretical model based 
on this relation was also established for model damping estimation, but the validity and 
robustness of this model still needs further investigation and verification.  On the other hand, 
criteria that address how much supplemental damping is needed to suppress the vibrations or 
how much damping the dampers can provide are still not well established. Current 
recommendations for required damping levels were developed using simplified wind-tunnel 
models discussed herein (Irwin, 1997), but despite the advances made in this project and 
elsewhere in recent years, it is not completely clear weather these guidelines are adequate or 
appropriate for field implementation. In addition, little has been done to address the problem of 
how much damping is needed in each mode to mitigate the vibration and for which mode the 
damper should be optimized.  

Although substantial progress has been made in assessing the damping in cables of cable-stayed 
bridges, understanding from the aforementioned efforts have been focused on theoretical 
formulation or simplified wind tunnel tests and are yet to be subjected to evaluation. Additional 
insights from actual cable vibrations in the field are still needed. The primary objective of this 
sub-effort has been to extract damping information for stay cables, both with and without 
dampers, using the measured vibration data. Damping ratios identified are analyzed together with 
the characteristics of cable vibration to evaluate the dependence of inherent damping upon the 
vibration amplitudes. Results for the cables before and after damper installation have been 
compared to assess the performance of the dampers under various conditions. Particular attention 
has also be paid to the important role of rain on the damping of stay cables in attempt to shed 
some light upon the problem of negative damping. 
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Additional Characteristics of Vibration 
 
Discussions earlier have been focused on vibrations in the in-plane direction of the cables. But as 
noted highly two-dimensional vibrations have actually been frequently observed.  In some cases, 
vibrations in the lateral direction have been the more dominant.  This fact is evident in Figure 97 
which plots the one-minute RMS displacement amplitude in the in-plane direction against that in 
the lateral direction for stays AS16 and AS23.  The records represented were chosen from those 
collected before the dampers were installed, with RMS displacement amplitude of the in-plane 
vibration or the lateral vibration greater than 0.5 cm.  Points in Figure 97 for cable AS16 formed 
three distinct clusters, as illustrated, around three lines. Analysis of the modal RMS 
displacements of the records show that points in cluster A represent in-plane vibrations strongly 
dominated by the first mode, points in cluster B represent in-plane vibrations strongly dominated 
by the second mode and points in cluster C represent in-plane vibrations dominated by more than 
one single mode.  No clear clustering of points has been observed for stay AS23 in Figure 97, 
although the vibrations still appear to be highly two-dimensional. 
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Figure 97:  In-plane vs. lateral RMS displacement for AS16 and AS23. 

 
Figure 98 shows sample Lissajous plots (in-plane displacement against lateral displacement) for 
two different records (1 and 2) from stay AS16.  Record 1 is chosen from cluster A in Figure 97 
and record 2 is from cluster C.  Although the in-plane displacement amplitudes for both records 
are comparable, the lateral displacement amplitude for record 2 is significantly larger than record 
1. Power spectral densities of these two records (Figure 99) show that both in-plane and lateral 
vibrations of record 1 are dominated by the first mode, but vibrations of record 2 in both 
directions have significant contribution from all the first three modes. Records in cluster B are 
found to have similar dimensional and modal contributory properties as records in cluster A. 
 
 
 

194




Record 1 from AS16  Record 2 from AS16

Figure 98:  Sample Lissajous plots of displacement for two records from AS16. 


Record 1 from AS16


eco d o S 6 R r  2 fr m A 1
Figure 99:  Power spectral density of displacement of two records from AS16 

Similar Lissajous (Figure 100) and power spectral density (Figure 101) plots have been made for 
two records (1 and 2) from stay AS23. Record 1 has vibration primarily in the in-plane direction, 
while vibration of record 2 is rather two-dimensional. Figure 101 shows that, unlike in the case 
of record 2 for AS16, even though the vibration of record 2 for stay AS23 is highly two-
dimensional, vibrations in both directions are still both dominated by a single mode (mode 3). 
While most highly two-dimensional vibrations for stay AS16 have been found to be dominated 
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by a single mode, most highly two-dimensional vibrations for stay AS23, however, are 
dominated by multiple modes. This difference in both dimensionality and modal participation of 
vibrations for the two cables suggests strong dependence of cable vibration on its physical 
characteristics. 

In future analysis, more attention will be directed to detailed investigation of dimensionality, as 
well as its dependence on modal participation, of stay cable vibrations, in conjunction with 
collected wind and rain data. This may give further insight into the mechanism of stay cable 
vibrations and help identify different categories of vibration.   

Record 1 from AS23 Record 2 from AS23

Figure 100:  Sample Lissajous plots of displacement for two records from AS23. 


Record 1 from AS23 


eco d o S 3R r  2 fr m A 2
Figure 101:  Power spectral density of displacement of two records from AS23. 
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Damper Effects on Vibration 

Discussion so far has been focused on vibrations of the two cables before dampers were 
installed. Collected records demonstrate that, except in a very few cases, the dampers on both 
cables have been effective in mitigating excessive vibrations, despite the difference in the 
properties and vibration characteristics of the two cables and the fact that the dampers were 
designed semi-empirically. Figure 102 shows again the one-minute RMS displacement in the in-
plane direction against that in the lateral direction for stays AS16 and AS23 collected after the 
dampers were installed.  All records also have RMS displacement amplitude greater than 0.5 cm 
in either the in-plane direction or the lateral direction.  By comparing Figure 102 and Figure 97, 
it is evident that very few records with RMS displacement amplitude greater than 0.5 cm has 
been recorded after damper installation and that the amplitude has been mostly kept below 2 cm, 
except in very rare individual cases.  This confirms that the damper has been generally effective 
in suppressing large-amplitude vibrations. 
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Figure 102:  In-plane vs. lateral RMS displacement for AS16 and AS23 after damper installation. 

Special attention has been focused on record A and adjacent ones in Figure 102 because, for 
these records, the RMS displacement amplitude in the lateral direction is quite large but the RMS 
displacement amplitude in the in-plane direction is rather small. This may indicate that the 
damper on stay AS16, which is oriented in the in-plane direction, has not been able to suppress 
vibration in the lateral direction in these special cases.  Figure 103 shows the Lissajous and 
power spectral density plots for record A. It is evident in the figures that, even though the 
vibration is basically one-dimensional, unlike in the case when the vibration is primarily in the 
in-plane direction, the lateral displacement of record A has significant contribution from all the 
first three modes, rather than being dominated by a single mode. This fact suggests that when 
large vibration is primarily in the lateral direction, its cause and mechanism may be different 
from the case when the cable vibrates primarily in the in-plane direction. Collected wind data 
revealed that when vibration in record A occurred, the wind speed is about 12 m/s, which is in 
the range of wind speed for large-amplitude vibration for stay AS16, but the wind direction is 
around 350�, which is far away from either 120� or 260� shown in Figure 100 (for Record 2) to 
be the preferred wind direction for large-amplitude in-plane vibration. In fact, the wind direction 
in this case is almost parallel to both the bridge axis and the axis of the stay cables.  Further 
analysis revealed that the cables adjacent to AS16 had the same pattern of vibration too, except 
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stay AS24, which is the first cable to —meet the wind“ and had large-amplitude vibration in both 
directions. Another observation was that the cables on the south side of the same tower, which 
have opposite inclination direction to AS16, did not have the same pattern of large-amplitude 
vibration as AS16.  Heavy rainfall has been found to accompany the cable vibration. Whether or 
not it is the rainfall that triggered the vibration of stay AS24, which consequently caused the 
lateral vibrations on the other cables, still needs further investigation.  The vibration occurred on 
stay AS16 still cannot be positively concluded to be wake galloping. What can be stated here is 
that this type of vibration may reach quite large amplitude and dampers may not be effective in 
suppressing it. The same type of vibration has also been found on cables on the south side of the 
same tower when wind is coming from about 180�, which is also parallel to the bridge axis and 
in the inclination direction of these cables. The important fact observed is that the cross-ties 
installed on these cables were also ineffective in mitigating this type of vibration.  

Figure 103:  Lissajous and power spectral density plots of displacement for record A.
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Frequency Estimation 

The modal frequencies of a cable are decided by its length, mass, stiffness and damping ratio in 
each mode. Among these properties, the stiffness and the damping ratio may be dependent on the 
vibration amplitude, and thus renders the frequencies variable too.  Figure 104 shows the 
averages of estimated modal frequencies for the first several modes of stay AS16 and AS23. In 
these figures, frequencies of the cables with and without damper attached are presented 
separately to show the effects of the dampers. The estimated natural frequencies are found to be 
in very good agreement with the values obtained by searching for the peaks of power spectral 
densities of the response. Frequency shifts introduced by addition of dampers, which were 
suggested by Main and Jones‘ (2000) analytical work, are also evident in the figures. 
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Figure 104:  Modal frequencies of stay AS16 and AS23. 

In Figure 105, the estimated second-mode frequency of stay AS16 without damper attached is 
plotted against the RMS displacement at the accelerometer location. Very small variance is 
found in the estimates from record to record, but a trend is evident that the modal frequency 
increases with displacement when the RMS displacement is greater than about 2 cm. Similar 
trends have been observed for the other modes too but will not be presented here. At this point it 
is suggested that this trend is caused by the change of the effective support condition of the cable 
with vibration amplitude. On the Fred Hartman Bridge, stay AS16 goes through a guide pipe 
before it reaches the anchorage and there is a neoprene ring between the cable and the pipe.  
When the amplitude of the vibration is large enough, the gap between the cable and the pipe will 
be gradually closed, which results in realistically a shorter cable with higher modal frequencies. 
Figure 105 shows the same relation for stay AS16 after the damper was installed. The variance 
of the estimates is again very small but no increase of the frequency with displacement amplitude 
is evident. This may partly be due to the fact that, with the presence of the damper, the vibration 
did not reach sufficient amplitude as to close the gap between the cable and the pipe. It may also 
be partly due to the fact that the damper itself may have been acting as a —pseudo-anchorage“ of 
the cable when vibration amplitude is low. 
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Figure 105:  Second-mode frequency vs. RMS displacement for stay AS16. 

Damping Estimation 

Compared to frequency, damping is a much more complicated property and its source and 
mechanism are still not well understood. In the case of wind or rain-wind induced stay-cable 
vibration, the problem is further complicated by the introduction of the so-called —negative 
damping“, which, unlike conventional damping, adds energy into the system instead of 
dissipating it.  Preliminary estimation results have been analyzed with some attention directing to 
details in a case-by-case manner.  Special attention has been paid to the effects of damper on the 
effective damping of the cable vibration system. The effect of rainfall has also been preliminarily 
analyzed because it has been proved to be an important contributory factor to stay-cable 
vibration. 

Figure 106 shows the effect of the attached damper on the damping ratios of stay AS16. 
Averages of estimated modal damping ratios are used in the figures and will continue to be used 
in the subsequent figures for discussion of damping estimation. As shown, the inherent damping 
(cable damping without contribution from rainfall and damper) in each mode of the cable, 
according to the estimation, is very low and decays very rapidly in the first several modes.  It is 
unexpected, however, that the addition of the damper to the system did not appear to result in 
significant increase of the modal damping ratios. The largest increase by about 0.15% of critical 
damping comes in the first mode of vibration when the cable vibrates without rainfall. With 
rainfall, the largest increase comes in the second mode, which is frequently the most dominant 
mode for rain-wind induced vibration. But this increase is very small too, by just 0.06% of 
critical damping. This estimation result is not only against intuition that external dampers will 
bring large supplemental damping into the system, but also against the observed fact that the 
damper on stay AS16 has been successful in suppressing excessive vibrations. These 
observations are still under detailed investigation, along with analysis and comparison of records 
with and without rainfall.  Similar patterns have been observed in the damping estimation results 
for stay AS23. 
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Figure 106:  Estimated modal damping of Stay AS16 showing effect of damper. 

Figure 107 shows the histograms of the damping estimation results for mode two of stay AS16 
and mode three of stay AS23 from records without rainfall, before dampers were installed.  It is 
evident in these two figures that the distributions of these results are rather broad.  A similar 
pattern of distribution has been found for estimation results for the other modes of the cables. 
This means that the average values used above for discussion may not be very appropriate for 
comparison purposes.  Better categorization and interpretation of the estimation results is thus 
desired and will be a major focus of future research.  Additional analysis investigating 
dependence of damping on wind speed and vibration amplitude have been conducted.  Results as 
of time of writing are not fully conclusive, and are not reported here. 
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Figure 107:  Histogram of estimated damping for mode 2 of AS16 and mode 3 of AS23. 

Figure 108 shows the relation between the estimated damping in the second mode of stay AS16 
with corresponding five-minute RMS damper force. The points are scattered, but a noticeable 
though not clear trend is present that the modal damping ratio decreases when the damper is 
—more engaged.“ More investigation into this trend is needed but, if it is true, it potentially 
suggests that, in some cases, although supplemental damping is supplied by the damper, the 
effective damping level in the system may still remain low. 
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Figure 108:  Dependence of modal damping on damper force. 

It has to be emphasized again that the observations above were made through preliminary 
analysis of a limited number of records.  Much more work still remains to be done before general 
conclusions can be reached.  Nonetheless, at least one controversial problem is apparent in the 
current findings: according to the estimation results, the addition of dampers to the two cables 
did not result in a large enough increase of damping into the systems, especially with the 
occurrence of rain, while also according to the measurements, excessive rain-wind vibrations 
have been effectively suppressed by the dampers. According to Irwin (1997), rain-wind induced 
vibration could be avoided if the Scruton number is greater than 10.  The Scruton number is 
defined as: 

m | � 
(Sc)n � n | 

2 (57)
�D 

where m is cable mass per length, � n is the modal damping ratio, ρ is the air density, and D is the 
cable diameter.  Analysis of the modal damping ratio needed according to the Scruton number 
criterion to suppress rain-wind induced vibration, together with the averages of estimated modal 
damping in stays AS16 and AS23 with damper attached, suggest that if the estimation and the 
Scruton number criterion were both valid, the damper could not have suppressed the rain-wind 
induced vibration in the second mode of stay AS16 and the third mode of stay AS23.  This is 
obviously contradictory to the observations from measurement.  In addition, the estimated 
damping results are also inconsistent with the results from damping prediction methods.  

These inconsistencies in damping estimation are important.  Detailed investigation of these 
discrepancies is needed and will be a focus of future research.  A tentative explanation is 
proposed in the following section. 



Possible Explanation for Discrepancies in Damping Estimation 
 
It has been revealed that the dampers on stay AS16 and AS23 may not have frequently been 
effectively engaged, instead, they may have been working more like a supporting point for the 
cables when the vibration amplitude was low.  Figure 109 shows the one-minute RMS damper 
force against the one-minute RMS in-plane displacement at the accelerometer location and the 
one-minute RMS in-plane displacement at the damper-cable connection point, respectively, for 
stay AS16. All the records shown in the figures were chosen to have one-minute RMS damper 
force greater than 0.5 KN.  Figure 109 for AS16 reveals a very clear relationship between the 
RMS damper force and the RMS displacement at the accelerometer location. The four clusters 
(A, B, C and D) of points in the figure are found to represent in-plane vibrations in the second, 
fourth, fifth and seventh modes of the cable, respectively.  However, for cable AS23 no similar 
relationship is evident between the RMS damper force and the RMS displacement at the damper-
cable connection.  These and other observations suggest that the damper may haven been 
frequently locked-up and produced no or little energy dissipation to the system, which may 
partially explain why the —average“ supplemental damping estimated was very low.  
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Figure 109:  RMS damper force vs. RMS displacements for AS16 and AS23. 
 
Figure 110 plots the measured damper force against the displacements and velocities at two 
locations of stay AS16 for a segment of a sample record. The —integrated displacement“ and 
—integrated velocity“ in the figure were integrated from the acceleration time history measured 
by the accelerometer, but were scaled down by a constant factor to have approximately the same 
amplitudes as those of the displacement and velocity at the damper-cable connection. The phase 
difference between these two locations has also been approximately corrected using the method 
proposed by Krenk (2000) and Main and Jones (2000).  The —differentiated velocity“ was 
directly differentiated from the displacement measured at the damper-cable connection. The 
abrupt changes of the curvatures in the force-displacement plots and the slopes of the lines in the 
force-velocity plots suggest that the damper did not behave viscously, as it was assumed to be. 
Instead, it had been effectively locked-up until the damper force passed a certain level. This 
record is not a special case. In fact, this pattern of damper behavior has been found to be very 
common in records in which the dampers are believed to be suppressing excessive cable 
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vibration. It was later confirmed by the manufacture of the dampers that this force is the residual 
static friction in the dampers.  Because of the friction, the dampers would remain locked-up and 
act as new supporting points for the cables until the vibration amplitude becomes large enough 
and the friction threshold is overcome.  It has also been noticed but not presented in detail here 
that the friction threshold for each damper varies from record to record in a certain range, 
according to characteristics in mode participation and dimensionality of the vibration. It is 
hypothesized here that the existence of the friction threshold reduces the supplemental damping 
the dampers can effectively add to the system, which partly explains the estimation result that the 
amount of damping added by the dampers is very small. The validity of this hypothesis is to be 
subjected to future research and the approach to verify it will be proposed in the next section.  It 
has to be noted, however, that even when the dampers were locked-up, they will still introduce 
frequency shifts into the cable systems because the cables in this case just vibrates in a shorter 
length. This is similar to but not the same as the case Main and Jones (2000) discovered that, if 
the damper is designed to be too stiff, it essentially results in the length of the cable being 
effectively shorter. 

(cm/s) 

 (cm/s) 

Figure 110:  Damper force vs. displacement and velocity for a segment of a sample record. 

Although the discussion so far tentatively explains why the supplemental damping provided by 
the dampers appears low, it did not explain why the dampers have been successfully suppressing 
excessive vibrations.  Figure 111 shows the time histories of displacement and damper force for 
a sample five-minute record for stay AS16.  It is clear in the figure how the vibration of the cable 
built up at the beginning and was subsequently suppressed by the damper.  But the means by 
which the damper suppressed the vibration is of interest.  The correlated periodic increasing and 
decreasing of amplitudes in both time histories suggests that the damper might not have been 
engaged all through the record.  Rather, it appears that the damper had been working 
periodically, only when the displacement amplitude was large enough.  It can also be noticed in 
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the time histories that the amplitudes of the peaks are almost at the same level, suggesting that 
the damper seemed to be keeping the vibration below a certain level. This pattern of damper 
performance, again, is not just a special case. It has been observed often in the records when the 
damper is believed to be suppressing excessive cable vibration. 

Figure 111:  Displacement and damper force time histories of a sample record. 

The reason why the damper behaves this way has to be investigated in association with the 
unique nature of wind- or wind-rain- induced stay cable vibration. Unlike other forced vibration 
of other structures, wind- and rain-wind-induced cable vibration is self-excited, which means that 
the wind, or the combination of wind and rain, and the vibration itself both have to meet a certain 
criterion for the vibration amplitude to increase. The role of the damper in the stay cable 
vibration system, then, is to bring the vibration from unstable back to stable by dissipating 
energy. But it is hypothesized here that the amount of the energy the damper has to dissipate 
does not necessarily have to be large. If this amount of energy is indeed small, it will be another 
reason why the estimated amount of damping the dampers added to the cable vibration system is 
small. To verify this hypothesis, at least two questions have to be answered: one is how the 
vibration builds up; the other is how much energy is actually dissipated by the damper. 
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APPENDIX D1 : INTRODUCTION TO MECHANICS OF INCLINED 

CABLES 


D1.1 STAY CABLE STATIC PROPERTIES 

This section provides mathematical descriptions of the various properties of a typical stay cable.  
Exact mathematical functions are given and then power series approximations (for relatively 
—tight“ cables) are provided for ease of computation and to allow checking of exact equations. 

A typical stay cable is shown in Figure 112: 

H 

��� 

���
��H 

L* 

Figure 112:  Incline stay cable properties. 

The following basic cable properties are required: 

T0, T1 = Lower and upper cable tensions, respectively (kN , kips) 


H = Horizontal component of the cable tension (kN , kips) 


m = Cable mass per unit length (kg/m , kips/ft)


A = Total cross-sectional area of cable strands (mm2 , in2) 


E = Cable modulus of elasticity (MPa , ksi) 


�UTS = Cable yield stress -- Ultimate Tensile Stress (MPa , ksi) 

h = Cable rise (m , ft) 

= Cable run (m , ft) 

s = Cable sag (m , ft) 
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The following properties can then be calculated: 

w � m � g cable weight per unit length (kN/m , kips/ft)
 (g = acceleration due to gravity) 

L * � 

� � 
�
 � �

�
 �


� � 
�
 � �
 �

�
 �


�
 � �

�
 �


�
 � � � 
�
 � � �
 � � � ��� �

�
 �
 �
 �

h 2 
� L2 cable chord length (m , ft) 

h
θ
 atan
 angle of chord to horizontal

L


Catenary Equations (Exact Solutions) 

Coordinates of cable nodes are defined using the parameters described above and the catenary 
equations for this cable (Dean, 1962). 

From the free body diagram for any point on the cable, the slope is: 

dy � w � y� � � sinh� x � K �
dx 1 

� H � 
Integrating this expression yields the equation for the cable coordinates: 

H
 w
y 
 cosh
 x
 K
 � K

w
 H
 1 2

The constants K1 and K2 can be obtained from evaluating the boundary conditions: 

x = 0 , y = 0 
x = L , y = h 

Thus: 
� �
� � 
� wh
 � wL H
K  

1 asinh
 -
 ;
 K
2 � -
 cosh K
� wL
� 2H
 w
 1

� 2H sinh
 �2H


The length of the cable, C (m, ft),  is then: 

H wL
C sinh
 K
1 sinh K
w
 H
 1
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The slopes at the ends of the cables are then:


θ0 � atan�sinh� �K1 � = lower slope (rad)

� � wL
 � �
θ
 �
 atan�sinh� �
K
 ��1 � 1 � = upper slope (rad)

� �
 H
 �
�


Following from these angles, the cable end vertical reactions are: 

V0 � H�tan� �θ0 � = lower end reaction (kN , kips) 
V1 � H�tan� �θ1 � = upper end reaction (kN , kips) 

By way of verification, it may be checked that the difference in the cable end vertical reactions 
should equal the mass of the cable. That is: 

V1 - V0 � w �C

The cable end tensions are: 

T0 � H�sec� �θ0 � = Lower Tension (kN , kips) 
T1 � H�sec� �θ1 � = Upper Tension (kN , kips) 

The maximum cable axial stress (MPa , ksi) is: 

Tσ 1
Axial � A 

And the maximum ratio of the Ultimate Tensile Stress utilized is then: 

σ
RatioUTS � Axial

σUTS 

The elastic elongation of the cable is (m , ft): 

HL
�
wh
2 �
wL
 1 H � wL
� �
�
∆
 �
 � coth
� �
 � � ��� sinh
 ��AE
�
2HL
 �
2H 2 2wL �
 H
 �
�
�


Finally, the unstressed length of the cable (m , ft) is defined as: 

USL0 � C -∆ 
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Power Series Approximations to Exact Solutions 

It may be more convenient to express the exact hyperbolic relationships in terms of power series 
expansions of the hyperbolic functions. This is particularly effective for —tight“ cables, defined 
as those for which: 

wL r � � 0.5 
2H 

The relationships below are used and terms up to and including r4 are retained: 

� �
x3

�
x 5 

sinh� �x  x   
6 120 

��

2 4 6 

cosh � �x �
x x x 

 1� �   
2 24 

�

720 
��

1 x x 3 2x5 

acoth � �x � �

3 
� � 

x 45 945 
��

Then, the cable length C is defined as: 

� cos � �θ 2  � cos � �θ 2  cos � �θ 4 � �
C 
�
 �L *�
�1  �
 r
2 �
� �
 �

� �r

4 �
 �


�� 6
 � 45 72

� 



 �
 ��

The lower end slope is defined as: 

� h s hr 2 s cos� �θ 2 hr 4 �
θ �0  atan � � r � � r 3 � �� 

�L L 3L 6L 45L � 

The upper end slope is defined as: 

� h s hr 2 s cos � �θ 2 hr 4 �
θ �1  atan � � r � � r 3 � � 

�L L 3L 6L 45L 
�

� 

The cable elongation is defined as: 

HL sec � �θ 2  � r
3 r
4 � L2 � � 
∆
 �
 �1  �
 �
 � 
� � �1 4 �  AE
 �� 3 45
� �L *�2
 �


�

�
 �� 
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D1.2 STAY CABLE DYNAMIC PROPERTIES 

Dynamic properties of stay cables may be examined in two ways: 

�� The —taut string“ simplified approximation  (Figure 113A) 
�� The theoretically correct dynamic properties for an inclined cable  (Figure 113B) 

Figure 113:  Definition diagram for a horizontal cable (taut string), compared to the definition 
diagram for an inclined cable. 
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Taut String 

For the taut string, it is assumed the sag of the cable is small compared to its length , the cable is 
perfectly elastic, and the cable is inextensible.  The accuracy of the taut string approximation is 
usually adequate for practical purposes. 

The natural frequencies, �i, of stay cables can be approximated (often accurately enough) using 
the expressions for a taut string (Figure 113A) as (Gimsing, 1997): 

iπ Tωi � , which yields the natural circular frequencies in radians/sec. 
L m 

The more practical form:


i Tfi � yields natural frequencies in Hz. 
2L m 



Inclined Cable 

In the case of an inclined cable (Figure 113B), it is convenient to deal with transformed 
coordinates x* measured along the cable chord from point A) and z* (perpendicular distance 
from the chord to the profile), rather than with coordinates x and z. After performing the 
necessary transformations we obtain (Irvine, 1981): 

x* = x sec� + z sin��, z* = z cos� , L* = L sec� , and H* = H sec���� 

so that 

1 � ε �z � x(1 � x) 1 �
2 � (1� 2x)

� 3 �� 

where: 

�

z * 
�

x * mg(L*)sinθ z , x , and 
mg(L*) cosθ L * 

� � 2 H * 
H * 

Solving the equations of motion using the above transformed axes, the natural frequencies of the 
out-of-plane modes are given by: 

ωn � nπ , n �1,2,3,� 

and those of the antisymmetric in-plane modes are: 

ωn � 2nπ , n �1,2,3,� 

Frequencies of symmetric in-plane modes are given by the following transcendental equation: 

ω 3

n ω
n 4
 � ω
n � tan
 �
 �
 � �

2 2
 � �λ * 2
�
 2
 �


For all of the above equations: 


� �
L *�   �ω *�� 2 � � 

n 2 � mg(L*)cosθ  
� L *
ω
 �   ,   � �λ * �
 � �n � �   
�
 �
 � �

� �
�
 �


H *
 H *
 H�L e * �  
m
 EA
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in which: 


� 1
 mg(L*)cosθ 2

 �� �    L �e *
 
�L *�
�1  �
 � � � 

8
�
 H *
 ��� 
 ��


is a quantity usually only slightly greater than the length of the cable chord itself.  Substituting 
ωn into the transcendental equation yields the following equation, the roots of which are the 
natural frequencies in question: 

3 
� � � � � �
� � � � � �
� � � � � �
��ω * ��L * �� 4
 ��ω * ��L * �� � �ω * ��L * �f ω �� * � �
 �
 �
 

� � � �λ 2 tan

� � * � �
� � � � � �
� � � � � �
��
 ��
 ��
 ��
 ��
 ��


H *
 H *
 H *


m
 m
 m

2
 2
 2


Equations shown are of general form and applicability.  As special cases, they contain results for 
a horizontal cable (� = 0º) and a vertical cable (� = 90º). 
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Formulation Including Sag 

More complicated expressions exist for cables with larger sag ratios such as the main cables of 
suspension bridges.  For such cables, natural frequencies can be obtained by solving the 
following frequency equations (Irvine, 1981): 

� B
� C

��For antisymmetric in-plane modes: 
tan �
 ωA
�
 � �
 -


�
 ω
�
 ω


� B
� 
��

ω
For symmetric in-plane modes:       
tan �
 ωA
�
 � �

�
 ω
�
 D


Where 
s 

2 
�

4



�

ω
ω 2 

  , tanψ
 �
tan 0 
 � ,


2g ψ
 2
0 � s
� 1 -
�2
 �

�
 �
�

��asinh��tanψ � 

and 0  L �    , is the span of the cable, while � is the length of the catenary 
tanψ0 

hanging between the supports, and s is the cable sag. A, B, C, and D are parameters which 
depend on the value of ψ 0  . 

Natural frequencies of cable stays with larger sag can be estimated using the following equation 
(Zui et al., 1996): 

λ 

�

�
 � � 

� �
�
 �


gfn � 
π 8s 

where, for unsymmetric modes   � � n� , n � 1,2,3� 

� � tan � mL
for symmetric modes   � � 3 , with Γ 
s 3 

128EA
 cos6θ

L
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Full-Scale Cable Properties 

For many stay systems the term T m , is more or less constant as the cables are usually 
designed to a maximum working stress of 0.45 X GUTS (Guaranteed Ultimate Tensile Stress).  
The term, T m , has been calculated for the stay cables of three bridges as listed in Table 17 
and shown in Figure 114.  The first two modes of vibration as a function of cable unstressed 
length (USL) are shown in Figure 115. 

Table 17: Stay cable property comparison. 

Bridge Cable Type Average T m 
Alex Fraser Helical Twist Parallel Wire 231 
Maysville Grouted 7 Wire Parallel Strand 188 

Owensboro Grouted 7 Wire Parallel Strand 201 

Figure 114:  Cable T m  vs. Cable Unstressed Length, summary of Alex Fraser, Maysville, 
and Owensboro Bridges.


215




Figure 115:  Cable Frequency vs Cable Unstressed Length, Summary of Alex Fraser, Maysville, 

and Owensboro Bridges.
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APPENDIX D2: LIVE LOAD VIBRATION SUB-STUDY 

D2.1 INTRODUCTION 

This live load vibration sub-study was carried out by Buckland & Taylor Ltd. to assess the 
amount of vibration which is caused by live loading.  To address this problem, a computer model 
of a cable-stayed bridge was used to model the dynamic effects of a moving train load.  The 
vibrations of an individual set of cables were analyzed in detail.  The cable tensions, 
displacements and anchorage rotations obtained from the dynamic time history analysis were 
compared to the results obtained from influence line calculation which are normally carried out 
during design.  The engineering analyses were performed using in-house programs for nonlinear 
analysis (CAMIL) and live load analysis (MELL).  

Example Bridge: Rama 8 Bridge in Bangkok, Thailand.  

The RAMA 8 Bridge, shown in Figure 116, is a cable-stayed bridge over the Chao Phraya River 
in Bangkok, Thailand. The bridge has been designed by Buckland & Taylor Ltd. to carry four 
lanes of vehicle traffic and two pedestrian sidewalks on the main span and the back spans, and 
six lanes of traffic on the anchor span.  

Total length of the main bridge is 475 m: main span -300 m, two backspans - 2 x 50 = 100 m, 
and anchor span -75 m. The 160 m high tower is a reinforced concrete inverted- Y type structure. 
There are two inclined cable-stay planes with 28 cables each for the main span and one cable-
stay plane with 28 cables for the anchor span. Cable-stays are BBR Cona stays, consisted of 
seven-wire parallel strands, greased and sheathed. The main span superstructure has an effective 
depth of 2 m and consists of a 29.70 m wide deck which is made composite with two steel edge 
girders. The backspan girder is a continuous post-tensioned 2.5 m deep concrete box girder.  

Figure 116:  RAMA 8 Bridge œ Artistic Rendering. 
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Rama 8 Bridge Computer Model  

The RAMA 8 Bridge computer model, shown in Figure 117, was created to represent the global 
behavior of the bridge under static and dynamic loads.  The complete bridge, with two approach 
spans, was modeled in three dimensions.  The model has 1014 beam elements and 84 cable 
elements.  

Figure 117:  RAMA 8 Bridge computer model; XY, YZ & ZX views. 
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D2.2 FREE VIBRATION ANALYSIS 

Description of Example Cable 

The cable chosen to illustrate the effects of live loading on cable dynamics is the third longest 
cable of the main span of the RAMA 8 bridge -main span cable M26.  The longest cable M28 
was not chosen as it is close to the support and would not be excited as much by moving loads.  

The example cable M26 has the following properties: 

Unstressed length: L = 299.140 m  
Mass (per unit length): m = 41.588 kg/m  
Steel area: A = 4350 mm2 
Modulus of elasticity: E = 195000 MPa 
Outside cable diameter: D = 0.16m 
Dead load tension: max T  = 2801 kN (at tower)  

min T = 2745 kN (at deck)  
average T = 2773 kN 

Horizontal component H = 2471 kN 
Ultimate capacity: Tult = 7700 kN (based on 1770 MPa)  

maxTDead load D/C: = 0.362 
Tult 

Cable geometry is defined with the following end points:  

Cable anchor points at the tower: x = 1.247 m, y = 1.405 m, z = 184.326 m  
Cable anchor points at the deck:  x = 268.578 m, y= 11.447 m, z=48.293 m  
Cable angles in the cable plane (to the horizontal plane): 

At deck: � = 25.824° 
At tower: � =28.068° 

Cable angle in horizontal plane: � = 2.151° (to the x-axis)  

where x is the longitudinal coordinate measured from the centerline of the tower towards pier 
P39, and y is the transverse coordinate measured from the bridge centerline -positive upstream 
(see Figure 117).  

Single Cable Dynamics -Free Vibration  

Theoretical solutions are based on the assumption that the cable is inextensible. (See Appendix 
D1 for a brief discussion of the cable vibration theory.) However, the numerical analyses, which 
were carried out using cable elements, modeled a "real" (extensible) cable. These results were 
then compared to the "theoretical" (inextensible) cable.  
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Extensible Cable Model 

In order to capture the dynamic behavior of a single cable it is necessary to introduce additional 
degrees of freedom along the cable. (This is not typically required when the global dynamics of 
the bridge are evaluated.)  Three computer models were built to simulate the behavior of the 
cable as an element independent of the structure (i.e. tower and the deck) and to investigate the 
convergence of the results. In these models, cable M26 was divided in 2, 10 and 20 segments of 
equal length.  Figure 118 shows nodes and cable elements of the cable stay M26 in the 10-
segment model. The cable was discretized in a similar manner in the 2- segment and the 20-
segment models.  
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Figure 118:  Independent Cable M26 discretization-10 segment model- XZ view. 

Coordinates of cable nodes were defined using the cable parameters and the catenary equations 
for this cable (also see Figure 119):  

T �
y � H  q �

cosh 0  
��  x � K �1 �  K

q 2
0 �TH � 

� q �
y� � sinh 0  

� x ��  K1 �
�TH � 

where: 

TH - Horizontal component of the cable force  
q0  - Cable weight  
K1, K2 - Constants obtained from boundary conditions at x = 0:  

T 
y� � tan θ � K �1  sinh �1 (tan θ) and y H 

� 0 � K 2 � � � cosh(K1 )

q0




Figure 119:  Cable catenary. 

Only the cable end points are fixed, so the cable can vibrate spatially, not only in its plane. Free 
independent cable vibration periods obtained by analysis are shown in Table 18.  Some typical 
cable modes for the 20-segment model are shown in Figure 120.  All of these plots contain XY, 
YZ and XZ views of the cable and its mode shape. 

Table 18:  Free independent extensible cable vibration vs. theoretical inextensible. 

Cable 
mode 

Frequencies [Hz] (Periods are given in brackets [sec]) 
Theoretical inextensible Analytical model (extensible) 

Taut String Inclined Cable 2-segment 10-segment 20-segment 
1 OOPa 0.432 (2.31) 0.430 (2.33) 0.376 (2.66) 0.415 (2.41) 0.417 (2.40) 
1 IPb 0.432 (2.31) 0.439 (2.28) 0.382 (2.62) 0.426 (2.35) 0.426 (2.35) 
2 OOP 0.863 (1.16) 0.860 (1.16) - 0.820 (1.22) 0.833 (1.20) 
2 IP 0.863 (1.16) 0.860 (1.16) - 0.820 (1.22) 0.833 (1.20) 
3 OOP 1.295 (0.77) 1.290 (0.78) - 1.205 (0.83) 1.235 (0.81) 
3 IP 1.295 (0.77) 1.291 (0.78) - 1.205 (0.83) 1.235 (0.81) 

a. OOP - "Out-Of-Plane" -Refers to cable motion and vibrations in the plane that is perpendicular 
to the cable plane. 
b. IP - ''In-Plane'' -Refers to cable motion and vibrations in the cable plane 
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Mode 1 Out-of-plane Mode 1 In-plane 

Mode 2 Out-of-plane Mode 2 In-plane 

Mode 3 Out-of-plane Mode 3 In-plane 

Figure 120:  Cable modes; XZ, YZ, and XY views (as defined in Figure 117). 

It can be seen that the cable vibrates only in its plane or perpendicular to its plane (out-of-plane 
vibration) for all modes. The vibration periods and frequencies are in fairly good agreement with 
theoretical values, and the error is 3.9% for the first mode and 5.2% for the third mode, for the 
20-segment model.  
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The differences in natural frequencies are caused by several factors: 

��	

��	

The formula used to obtain the theoretical value is derived only for out-of-plane vibrations of 
a horizontal cable with small sag, neglecting the influence of cable extensibility due to 
existing tension in the cable, which is considered to be constant.  

The cable chosen is not horizontal, with varying tensile force along the cable (2% difference 
in tension between top and bottom), and is subjected to extension due to the tensile force. 

The software used for analysis also accounts for cable extensibility, which is the most important 
factor causing differences in results.  

It can also be seen that for symmetric modes, especially mode 1 (which carries most of the 
energy), the frequency for the in-plane mode is lower than for the out-of-plane mode. This is due 
to the fact that additional tension in the cable is generated in symmetric modes, so the cable 
becomes stiffer and, hence, the frequency increases (Irvine, 1981). The magnitude of the 
difference between the out-of-plane and in-plane frequencies depends on many parameters but 
the most influential factors are the magnitude of the cable tensile force and cable stiffness 
parameters (area and unstressed length). 

Inextensible Cable 

An "inextensible" cable model was used in order to achieve results closer to the theoretical 
values. The same model was used as for previous analyses, except that the cable area was 
increased to 100,000 mm2. This caused the cable to be very stiff axially.  Since no other 
parameters were changed, a high tensile force (T = 58,252 kN) was induced in the cable. In order 
to lower the force to the previous level, the cable unstressed length was increased to USL = 
300.016 m. This resulted in an average tension of T=2776 kN, which was close to the value 
previously used (T = 2773 kN).  With these parameters, free vibration periods obtained are given 
in Table 19: 

Table 19: Free independent inextensible cable vibration periods œ 

Theoretical values and values obtained by analysis. 


Cable mode Theoretical (sec) Analytical 
20-segment model (sec) 

1 (OOP) 2.324 2.326 
1 (IP) 1.698 
2 (OOP) 1.162 1.167 
2 (IP) 1.167 
3 (OOP) 0.775 0.782 
3 (IP) 0.777 
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The agreement between analysis values and theoretical values for out-of-plane vibrations is now 
excellent, with errors well below 1% .  

Mode shapes are very similar to those shown in subsection —Extensible Cable Model“ except for 
in-plane mode 1, which is shown in Figure 121. The period for this mode is much smaller (27%) 
than for the out-of-plane mode, which is due to a large increase in induced cable tension. 
Because of the great stiffness of the cable, any small differential movement induces large tensile 
forces in the cable, which has influence on the frequency increase.  This effect is seen only in 
symmetric modes and diminishes as the mode number is increased.  

The mode shape, as seen in Figure 1213, does not have a sine shape. It can be seen that inflection 
points exist in the vicinity of cable end points (Irvine, 1981).  

Figure 121:  Inextensible cable mode 1 - In-plane; XY, YX & XZ views. 
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Cables Modeled as Part of the Structure  

Modeling 

Three computer models were again used to check the convergence of dynamic behavior of cable 
elements connected to the bridge deck and the tower.  In these models, cable M26 was, as with 
the independent cable, divided in 2, 10 and 20 segments of equal length.  Both the upstream and 
downstream cables in the main span were modeled.  Figures 122 and 123 show nodes and cable 
elements of cable stay M26 for the 10-segment model.  The cable was discretized in a similar 
manner in the 2-segment and the 20-segment model.  Coordinates of cable nodes were defined 
using the catenary equation for this cable.  

Figure 122: Cable M26 discretization - 10-
segment model. View: Isometric. Only 
cables M26 are shown. Other cables not 

shown for clarity. 

Figure 123: Cable M26 discretization -    10-
segment model -XZ view. Other cables not 

shown for clarity. 

Global Bridge Modes 

The global modes of the bridge are shown in Figure 124 and 125.  The fundamental vertical, 
longitudinal and transverse modes are shown in Figure 124.  The second vertical and transverse 
and functional deck torsional modes are shown in Figure 125.  It can be seen from these modes 
that the cables participate in these global modes. (Note: Since only the M26 cables were 
discretized in detail, the vibration of the other cables is not visible).  Therefore the global modes 
will be reflected in the cable's response to the moving load.  

Cable Modes 

The natural vibration periods for the cables obtained from the analysis are given in Table 20 and 
the mode shapes are shown in Figures 126 to 128.  
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Because the cables now form part of the overall structure, the modes of the two identical M26 
cables become weakly coupled. This means the cables either move in-phase or out-of-phase with 
respect to each other and thus the number of modes is doubled. It can be seen that pure in-plane 
and pure out-of-plane vibration of the cable is present only for the first fundamental cable mode. 
Higher modes are spatial (i.e. they involve complicated 3D motions), which is a further 
consequence of the interaction with the deck and tower. However, the vibration periods and 
frequencies are in good agreement with theoretical values, especially for the 10-segment and 20-
segment cable models, for which the error in period for the first mode is less than 1 % .  

Table 20: Cable vibration periods and frequencies œ 

Theoretical values and values obtained by analysis. 


Cable mode Theoretical 2-segment model 10-segment model 20-segment model 
Sec. Hz. Sec. Hz. Sec. Hz. Sec. Hz. 

1 (OOP) 2.31 0.43 2.57 0.39 2.33 0.43 2.32 0.43 
1 (IP) 2.53 0.40 2.28 0.44 2.27 0.44 

2 1.16 0.86 - 1.18 0.85 1.17 0.86 
3 0.77 1.30 - 0.80 1.25 0.78 1.28 
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1st Vertical Mode (T=3.397 sec, f =0.294 Hz) 

1st Longitudinal Mode (T= 2.774 sec, f =0.360 Hz) 

1st Transverse Mode (note tower top movement, T=2.562 sec, f =0.390 Hz) 

Figure 124:  Fundamental bridge modes. 
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2nd Vertical Mode (T=2.205 sec, f =0.454 Hz) 

2nd Transverse Mode (T=2.062 sec, f  =0.485 Hz) 

1st Deck Torsional Mode (T = 1.863 sec, f = 0.537 Hz) 

Figure 125:  Additional bridge modes. 
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Figure 126:  Four 'first' modes of the cables; XY, YZ & XZ views. 


Figure 127:  Four ”second' modes of the cables; XY, YZ & XZ views. 
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Figure 128:  Four ”third‘ modes of the cables; XY, YZ & XZ views. 
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D2.3 STATIC LIVE LOAD ANALYSIS 

Static live load analyses were performed using the influence line based program MELL and the 
train passage option of the bridge analysis program CAMIL, neglecting any dynamic properties 
of the train. For the latter program, the train live load was considered as a series of concentrated 
loads moving along the bridge over selected nodes. The train was treated as a static load and 
bridge dynamics were ignored so the bridge only responded statically to the train loading. 

The live load used was a 5-car transit train. (A transit train was used because it represents a 
large moving load.  Furthermore, the dynamic model for a transit train was used because it is 
more readily defined than a highway truck model, for which there are a large number of 
dynamic configurations).  Each car weighed 369.5 kN, and thus the total weight of the train 
was 1847.5 kN. The train load was applied along the main span girder line.  The dynamic 
allowance was taken as zero. Influence line analyses were performed using 200 (design 
accuracy) and 5000 (academic accuracy} steps (iterations) in the longitudinal positioning of the 
live load along the influence line to find the minimum and maximum effects due to live load. 
Computed results were tabulated for nodal deformations, girder member effects and main span 
cable forces and rotations at several locations, as identified in Figure 129. 

Figure 129:  Nodes, members, and cables for comparison of results. 

Displacements  

Vertical displacement results are summarized in Table 21.  Differences in results for 
displacements from analyses using 200 and 5000 calculation steps are practically nil. The 
differences between MELL's results and CAMIL's static train results are a maximum of 2.5%.  
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Table 21:  Vertical displacements due to live load.


Vertical Displacements [mm] 
Influence Line Analysis / Steps TRAIN 

NODE 200 5000 STATIC 
178 -98 -98 -98 
283 -183 -183 -186 
388 -303 -303 -311 
427 -332 -332 -340 
463 -261 -261 -267 

Bending Moments  

Bending moment results are summarized in Table 22.  Differences in results for bending 
moments from analyses using 200 and 5000 calculation steps are a maximum of 0.45%.  The 
differences between MELL's results and CAMIL's static train results are a maximum of 3.4%.  

Table 22: Bending moments due to live load. 

Bending Moment (Strong Plane) [kNm] 
Influence Line Analysis / Steps TRAIN 

 MEMB. 200 5000 STATIC 

M
ax

 

1071 2845 2849 2900 
1075 2610 2646 2680 
1141 3984 3998 4010 
1145 3866 3883 3920 
1211 4564 4579 4650 
1215 4491 4511 4610 

M
in

 

1071 -2452 -2452 -2470 
1075 -2549 -2554 -2570 
1141 -3261 -3261 -3320 
1145 -3375 -3376 -3430 
1211 -1625 -1625 -1570 
1215 -1295 -1298 -1290 

Cable Tensions  

Cable force results summarized are in Table 23.  Differences in results for cable forces from 
analyses using 200 and 5000 calculation steps are very small. The differences between MELL's 
results and CAMIL's static train results are a maximum of 0.55%.  
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Table 23:  Cable forces due to live load. 


Max Cable Force T1 [kN] 
Influence Line Analysis / Steps TRAIN 

 MEMBER 200 5000 STATIC 

M
ax

 M7 269 269 270 
M14 322 322 324 
M21 391 391 393 
M26 230 230 230 

M
in

 M7 -24 -24 -24 
M14 -14 -14 -14 
M21 -8 -8 -7 
M26 -20 -20 -20 

Cable End Rotations  

Cable end rotations, deck rotations and the relative differences between the two are 
summarized in Table 24.  Differences in results from analyses using 200 and 5000 calculation 
steps are again practically zero. The differences in cable deck and relative rotations between 
MELL and CAMIL results are also very small. 

Some differences exist between MELL's results and CAMIL's static train results for cable end 
rotations. The cable end rotations are not directly generated by the programs. Therefore they 
have to be computed according to the formula:  

� V � � � �DL  VLL   V  
�θ � � �LL  θ

�LL  θDL  atan �DL � �  atan DL 
� �

� H �DL  H LL � � H DL � 

where: 

��LL - cable end rotation due to Live Load 
��- cable angle to the horizontal plane 
V, H - Vertical and horizontal component of the cable force  
DL - Dead Load 
LL - Live Load  

Since the cable end rotations are very small numbers, any small difference in calculating the 
VLL and HLL using MELL and CAMIL leads to small numbers that are close to each other in 
actual value but very different if expressed in percentages.  
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Table 24: Cable end rotations and deck rotations. 


ROTATIONS [deg] 
Influence Line Analysis / Steps TRAIN 

NODE CABLE 200 5000 STATIC 
Max 178 35 0.1319 0.1318 0.0917 

Cable End 
Rotation 

283 42 0.1894 0.1895 0.1423 
388 49 0.2458 0.2458 0.1907 
463 54 0.1572 0.1571 0.1369 

Min 178 35 0.0065 0.0065 0.0000 
Cable End 
Rotation 

283 42 0.0017 0.0015 -0.0004 
388 49 0.0020 0.0020 0.0000 
463 54 -0.0048 -0.0047 -0.0044 
178 35 0.1292 0.1293 0.1300 

Max Deck 
Rotation 

283 42 0.1914 0.1915 0.1948 
388 49 0.2478 0.2478 0.2505 
463 54 0.0026 0.0027 0.0009 
178 35 -0.0503 -0.0504 -0.0507 

Min Deck 
Rotation 

283 42 -0.0971 -0.0971 -0.0975 
388 49 -0.1496 -0.1498 -0.1520 
463 54 -0.3446 -0.3447 -0.3536 

Max 178 35 0.1822 0.1822 0.1015 
(Cable -

deck) 
Rotation 

283 42 0.2865 0.2866 0.1841 
388 49 0.3954 0.3957 0.2635 
463 54 0.5018 0.5018 0.4802 

Min 178 35 -0.1227 -0.1227 -0.0700 
(Cable- 
deck) 

Rotation  

283 42 -0.1897 -0.1899 -0.1073 
388 49 -0.2457 -0.2458 -0.1190 
463 54 -0.0074 -0.0074 -0.0003 
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D2.4 DYNAMIC LIVE LOAD ANALYSIS 

Dynamic live load analyses were performed using the train option in the bridge analysis 
program. In this option, the train is considered as a dynamic moving load with its appropriate 
stiffness and damping parameters.  Each train car is modeled as a mass (consisting of the car 
mass and the passengers mass) supported by springs and dampers that are fixed to bogies.  
Each bogie has its own unsprung mass and is supported by two axles.  The axles transfer train 
load to nodes specified in the input file (usually main girder nodes). The dynamic response of 
the bridge due to the dynamic train loading was calculated using the Newmark's direct 
integration procedure. 

Damping  

For the structure's damping matrix calculation, the Rayleigh damping coefficients � and � were 
determined using frequencies of the 1st and the 15th bridge natural mode. The damping ratio at 
those two frequencies was set at 0.75% of critical. The variation of damping with frequency 
corresponding to the above criteria is shown with a heavily solid line in Figure 130.  This figure 
also shows the damping distributions which would have resulted from picking 1st and 2nd or the 
1st and 22nd modes to define the damping.  The figure clearly indicates that for the frequency 
range of interest an acceptable damping distribution is achieved. 

� = 0.75 %,  �1 = 1.850 rad/s, �15 = 5.389 rad/s  

ω1 ω15 2ρ
α = 2ρ = 0.02066 and β � � 0.00207

ω1 + ω15 ω1 � ω15 

Figure 130:  RAMA 8 Bridge Model Damping vs. Frequency.
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Results for Train speed of 80 km/hr  

The results obtained for a train speed of 80 km/hr are discussed in this section. The results for 
other train speeds are outside the scope of this study. 

Deck Displacement Time Histories 

The displacement time histories for both the static and dynamic load cases for node 427 (near 
the 3/4 span location of the main span) are shown in Figure 131. (This load case ignores 
dynamic effects and only captures the effect of the moving load position.) This figure shows 
that the dynamic displacement was only slightly larger than the static displacement. 
Furthermore, the bridge deck oscillations, which occurred after the train had left the bridge (the 
train has completely left the bridge at 20 seconds into the time history), were small in 
comparison to the static response. This figure also displays the velocity and acceleration 
records corresponding to the displacement time history. 

The velocity record shows some higher frequency oscillations in the 15 second range which 
correspond to the individual cars leaving the bridge. As the first set of bogies left the bridge by 
moving across the pin joint at the end of the main span, the slope discontinuity set up pitching 
motions that were fed back to the structure via the second set of bogies. This phenomena can 
also be observed in the acceleration time history, which shows a base line acceleration 
corresponding to the static displacement and the accelerations due to the train superimposed 
until the train left the bridge.  

Deck Girder Bending Moment Time History  

The static and dynamic bending moment time histories for a deck girder member are shown in 
Figure 132. This figure shows that there was very little amplification due to dynamic effects. 
Both the static and dynamic time histories show oscillations in the maximum bending moment 
due to the passing of individual train cars. The dynamic moments after the train had left the 
bridge are negligible when compared to the static moments. 
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Figure 131:  Vertical Displacements, Velocities, and Accelerations of Node 427 vs. Time. Train 
speed 80 km/h. 
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Figure 132:  Member 1211; Bending Moment vs. Time. Train speed 80km/h. 

Cable Tension Time Histories 

The total cable force versus time diagram for a train speed of 80 km/hr is shown in Figure 133. 
The dynamic time history has the same shape as the static time history, but there are slightly 
larger maxima and minima due to dynamic effects. This figure also shows the maximum and 
minimum obtained from the influence line analysis.  

Figure 133:  Cable M26, Tension vs. Time. Train speed 80 km/hr. 

The difference in cable tension for cable M26 between the dynamic train load case and static 
train load case, for train speed 80 km/h, is shown in Figure 134.  

The tension spectrum for cable M26 is shown in Figure 135. This spectrum was generated from 
the part of the cable tension time history which corresponds to the time after the train has crossed 
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the bridge, i.e. to the cable tension time history due to free bridge vibration, 20 seconds of 
elapsed time.  

The two dominant peaks in the cable tension spectrum are at 0.3 Hz and 0.44 Hz. The first peak 
corresponds to the first vertical deck mode (0.294 Hz) which is the dominant mode in the 
structure's response. The second peak corresponds to a mixture of the second deck mode (0.454 
Hz) and the first cable modes (in-plane and out-of-plane) at 0.44 Hz. Since these two modes are 
closely spaced, it is not possible to clearly separate them with the relatively short displacement 
time history obtained from the dynamic analysis. 

Figure 134:  Difference in cable tension for cable M26 between the dynamic train load case and 

static train load case vs. Time. Train speed 80 km/h. 


Figure 135:  Cable M26 Tension Spectra. Train speed 80 km/h. 
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Cable Displacement Time Histories 

Displacements in Global Coordinates 

The displacements of the cable were obtained at the following five locations: 

�� 
�� 
�� 
�� 
�� 

tower end 
1/4 span, close to the tower end of the cable 
1/2 span, mid span of the cable 
3/4 span, close to the deck end of the cable 
deck end 

The x, y, z (x = along the bridge axis, y = transverse and z = vertical) displacement time histories 
are shown in Figure 136. The x and z displacements clearly show one dominant displacement 
cycle corresponding to the 'static' deformation of the deck followed by a series of vibration 
cycles, which are an order of magnitude smaller. Only the transverse displacement, which is 
much smaller to start with, shows free vibration oscillations that are comparable to the static 
deformations. However, the free vibration oscillations in this direction are not significantly larger 
than the free vibration oscillations in the other two directions. To study the cable vibrations in 
more detail, the records were transformed into the cable's local coordinate system as outlined in 
the next section.  

Displacements in Local Coordinates  

The cable displacements computed from the dynamic analysis were transformed from global x, 
y, z coordinates to local cable coordinates u, v, w, (u = along the cable, v = normal to the cable 
plane, w = orthogonal to both u and v). The transformation of coordinates systems (as depicted in 
Figure 137) was carried out using the following formulation:  

Given that � = 2.15124 deg is the cable angle in horizontal plane and � = 26.95322 deg is the 
cable chord angle to horizontal plane the transformation of displacements into cable plane is 

ξ � x � cosα � y � sinα and η � x �sinα � y � cosα 

and finally the transformation to displacements along and perpendicular to the cable is: 

u � ξ � cosβ � z � sinβ , v � η and w � ξ � sinβ � z � cosβ 
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Figure 136:  Global Coordinate Displacements of Cable M26 Nodes [mm] vs. Time. Train speed 
80 km/hr. 
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The displacement records of the cable corresponding to the following three locations were 
analyzed: 

�� 
�� 
�� 

1/4 span, close to the tower end of the cable 
1/2 span, mid span of the cable 
3/4 span, close to the deck end of the cable  

These converted displacement records were plotted in both the cable plane (in- plane) and in a 
plane normal to the cable cord line (out-of-plane), These displacement traces are shown for the 
three cable locations in Figure 138. The out-of-plane deformation shows that the top of the cable 
actually moves up as the sag is reduced, while the bottom of the cable moves down with the deck 
and the center of the cable shows little movement as the deck deformation and sag reduction 
cancel each other. The transverse motion, which can be clearly observed in all three out-of-plane 
traces, results from the transverse movement of the bridge tower and deck. The in-plane 
movements also reflect this interaction of sag reduction and tower and deck deflection.  

Figure 137:  Transformation from global coordinates to coordinates along the cable. 
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Out-of-plane displacement (1/4 span node) In-plane displacement (1/4 span node) 

Out-of-plane displacement (1/2 span node) In-plane displacement (1/2 span node) 

Out-of-plane displacement (3/4 span node) In-plane displacement (3/4 span node) 

Figure 138:  Local Coordinate Displacements of nodes of cable M26 [mm]. Displacements are 
shown for 3 nodes of the cable: at 1/4 span (closer to the tower), 1/2 span and 3/4 span (closer to 

the deck). Train speed 80 km/h. 
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Frequency Content of the Cable Displacement: 

The portion of the displacement time history which corresponds to free vibration (after the train 
has left the structure), was used to generate Fourier spectra in order to assess the frequency 
content of the displacement. Since the time histories were not periodic within the record, they 
were windowed using a combination of a extended cosine and exponential window, in order to 
minimize spectral leakage. This means that the resulting spectra can not readily be used to 
estimate the damping in the individual modes. (This is of little concern because the damping 
value corresponding to 0.75% of critical damping was derived and used in the analysis). The 
resulting spectra for the cable displacement in the u, v, and w coordinates are shown in Figure 
139. 

Figure 139:  Spectra for movements of cable M26 nodes: at ³ span (closer to the tower), ² span, 

and ½ span (closer to the deck). Frequency range 0 œ 2 Hz, train speed 80 km/h. 
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The modes of vibration which are reflected by the spectral peaks shown in Figure 139 are:  

�� 
�� 
�� 
�� 
�� 
�� 
�� 
�� 

0.29 Hz, first vertical mode 
0.39 Hz, first transverse mode {with tower dominant motion) 
0.43 Hz, out-of-plane modes of cables M26 
0.44 Hz, in-plane modes of cables M26 
0.45 Hz, second vertical mode of the deck 
0.86 Hz, second mode of vibration of M26 cables 
1.26 Hz, sixth vertical mode of the deck 
1.28 Hz, third mode of vibration of M26 cables  

The spectra for the u displacements (along the cable) at all three cable locations are dominated 
by the first vertical mode of the deck. The spectra for the v displacements (out of the cable plane) 
at all three cable locations are dominated by the first transverse mode of the structure. The 
spectra for the w displacements (perpendicular to the cable in the cable plane) at all three cable 
locations show a significant peak at 0.43 Hz. The mid span and 3/4 span (near the deck) location 
also exhibit a strong peak at 0.29 Hz corresponding to the first vertical mode of the bridge deck. 
Furthermore, all three locations show a spectral peak corresponding the sixth vertical mode of 
the deck at 1.26 Hz or the third mode of vibration of the cable at 1.28 Hz.  

Cable End Rotations  

Cable end rotations are often of interest in fatigue studies as they influence the bending stress 
ranges in the anchorage zones. These rotations are comprised of two components: the rotation of 
the cable end due to changes in sag as a result of increased or decreased load, and the cable 
anchorage rotations which are a caused by deck deflections. Both of these rotation components 
do not typically achieve their maximum amplitude at the same time. The individual rotation 
components as well as the total relative rotation (heavy solid line) between the cable and the 
anchorage are shown for Cable M26 in Figure 140. This figure also shows the maximum 
rotations computed using the influence line approach, which corresponds relatively well to the 
results obtained from the dynamic analysis. In contrast, the cable end rotations and deck rotation 
obtained for Cable M21, shown in Figure 141, display quite a different pattern and clearly show 
that the maximum relative rotation (heavy solid line) can not be approximated reliably by simply 
adding the maxima of the individual components.  
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Figure 140:  Deck rotations and cable end rotations for cable M26 œ 

dynamic (train speed 80 km/h) and static 


Figure 141:  Deck rotations and cable end rotations for cable M21 œ 

dynamic (train speed 80 km/h) and static. 
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D2.5 CONCLUSIONS 

Using the model of an actual cable-stayed bridge, the cable vibration and moving live load 
analysis carried out as part of this study indicate that: 

��	

��	

��	

��	

��	

A stay-cable which is discretized with twenty element accurately predicts the free vibration 
characteristics of a stay-cable.  

Once the cable is modeled as part of the complete structure with the tower and the deck 
providing realistic end conditions, the cable frequencies only change slightly but the mode 
shapes become spatial rather than being purely in-plane or out-of-plane. 

The cable tensions, displacements and end rotations are dominated by the 'static' deformation 
response associated with the moving load's passing and subsequent dynamic oscillations are 
typically an order of magnitude smaller than the static maximum. 

The increase in maximum cable tension due to dynamic effects is less than 10% for the 80 
km/hr passing speed. 

The dynamic response of the cable, during the train passage and in the sub- sequent free 
vibration phase, is driven by the vibration of the bridge deck.  
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APPENDIX D3:  STUDY OF USER COMFORT 

Overview 

In addition to the concerns regarding fatigue and other stress related issues due to cable 
vibration, it may also be important that the users of the bridge feel comfortable with any visible 
cable movements. A design criterion set forth by these factors would be independent of those 
required by the structural effects involved, similar in nature to existing codes limiting deflection 
in bridges or drift in tall buildings. 

A survey was performed to determine at what limits users will no longer feel comfortable 
crossing a bridge either as a pedestrian or as a driver.  Video models were created using 3D 
Studio to simulate various cable vibration scenarios.  These videos were shown to fifty users who 
were asked to indicate their comfort level with crossing the bridge under these circumstances.  
The parameters varied in the models were mode of vibration, amplitude, and velocity of 
oscillations. 

The following charts will demonstrate the results of the survey.  User comfort was rated from 1 
to 5, with 1 being the most comfortable and 5 being the least comfortable.  The breakdown of the 
ratings was described to the users as follows: 

1 - Vibrations are not noticeable or barely noticeable, I have no concerns with the safety of the 
bridge. 

2 - Vibrations are noticeable, but I have little or no concern about the safety of the bridge. 
3 - Not sure 
4 - Vibrations are very noticeable, I have some concern about the safety of the bridge, but I 

would probably still cross it. 
5 - Vibrations are excessive, I have major concerns about safety and will not cross the bridge.  
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Mode Shape 

The following chart shows the effect of mode shape on user comfort.  Users were shown videos 
with constant amplitude and frequency, with the mode shape varying from first to third.  It was 
largely determined that mode shape does not play a significant role in affecting the user‘s 
comfort level. 
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Figure 142:  Effect of mode (constant amplitude and velocity). 

Velocity 

The next parameter tested was velocity.  The amplitude and mode shape of the vibrations were 
held constant while the frequency was varied from 0.5 Hz to 2 Hz.  The results indicate that users 
had strong reservations when frequencies were higher than 1 Hz, but they quickly became more 
comfortable when the frequency dropped below 1 Hz.  It should be noted that the high level of 
concern demonstrated across all the simulations for this parameter is most likely due to the fact 
that too high of an amplitude was chosen as the constant.  Nevertheless, this should have little 
effect on the shape of the distribution, just where it is located on the Y axis. 
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Figure 143:  Effect of velocity (constant amplitude). 
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Amplitude 

The final parameter tested was amplitude.  Videos were shown that simulated vibrations with a 
constant velocity and constant mode shape, while amplitude was varied from 0.5 diameters to 2 
diameters.  The results indicate that at a point near 1 diameter vibration amplitude, the user 
begins to feel uncomfortable crossing the bridge.  Below 1 diameter, this concern trails off 
quickly.  The graph below does indicate that users were more comfortable with oscillations of 2 
diameters than those of 1 diameter.  This was dismissed as an anomaly caused by the number of 
videos that had been shown at this point in the survey, and the order in which the videos were 
shown. 
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Figure 144:  Effect of amplitude (constant velocity). 

Conclusion 

The two most important factors affecting user comfort are the amplitude of the vibration and the 
velocity.  As the frequency range is somewhat limited, it would stand to reason that the comfort 
criteria could be based on the amplitude.  According to this study, a reasonable recommendation 
of a limit on vibration amplitude would be 1 cable diameter.  Ideally, further reducing this to 0.5 
diameters or below has the effect of making the vibrations virtually unnoticeable.  This study is 
preliminary, and based on a relatively small sample size, therefore further investigation should 
be performed to refine any design criteria based on user comfort.  Also, while the above charts 
indicate that there isn‘t a significant difference in the perception of safety for a pedestrian and for 
a driver, this is probably not accurate and the difference could be established by producing a 
—driver“ video that includes a moving viewpoint and other roadway distractions.  This difference 
is important in that it would establish tighter criteria for bridges in urban areas or with pedestrian 
walkways compared to a more liberal criteria for rural locations with no pedestrians. 
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